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We investigate the effect of thermal expansion and gravity on the propagation and
stability of flames in inhomogeneous mixtures. We focus on laminar flames in the
simple configuration of an infinitely long channel with rigid porous walls in order to
understand the effect of inhomogeneities on these fundamental structures.
The first part of the thesis is concerned with premixed flames propagating against
a prescribed parallel (Poiseuille) flow and subject to thermal expansion. We show
that in a narrow channel (corresponding to a relatively thick flame), if the Peclet
number is fixed and of order unity, a premixed flame propagating against a parallel
flow is governed by the equation for a planar premixed flame with an effective diffusion
coefficient. The enhanced diffusion is shown to correspond to Taylor dispersion, or
shear-enhanced diffusion. Several important applications of the results are discussed.
One of the topics of relevance is the bending effect of turbulent combustion. The
results of our analysis show that, for a large flow intensity, the effective propagation
speed of the premixed flame for depends only on the Peclet number (which is equal to
the Reynolds number if the Prandtl number is unity). This mimics the behaviour of
the turbulent premixed flame when the effective propagation speed is plotted versus
the turbulence intensity for fixed values of the Reynolds number.
The second part of the thesis is concerned with triple flames, subject to ther-
mal expansion and buoyancy. A study is undertaken to investigate the stability of
a diffusion flame subject to these effects, which gives rise to a problem analogous to
the classical Rayleigh–Be´nard convection problem. A linear stability analysis in the
Boussinesq approximation is performed, which leads to analytical results showing that
the Burke-Schumann flame is unstable if the Rayleigh number is above a critical value
which is determined. Numerical results confirm and complement the analytical re-
sults. A full numerical investigation of the effects of gravity and thermal expansion
on triple flames propagating in a direction perpendicular to the direction of gravity is
then carried out. This configuration does not seem to have received dedicated atten-
tion in the literature. It is found that the well-known monotonic relationship between
the propagation speed U and the flame-front thickness , which exists in the constant
density case when the Lewis numbers are of order unity or larger, persists for triple
flames undergoing thermal expansion. Under strong enough gravitational effects, how-
ever, the relationship is no longer found to be monotonic, exhibiting hysteresis if the
Rayleigh number is large enough. Finally, the initiation of triple flames from a hot
two-dimensional ignition kernel is investigated. Particular attention is devoted to the
energy required for ignition and the transient evolution of triple flames after initia-
tion. Steady, non-propagating, two-dimensional solutions representing “flame tubes”
are determined; their thermal energy is used to define a minimum ignition energy for
the two-dimensional triple flame in the mixing layer. The transient behaviour of triple
flames following “energy-increasing” or “energy-decreasing” perturbations to the flame
tube solutions is described in situations where the underlying diffusion flame is either
stable or unstable.
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Chapter 1
Introduction
1.1 Introduction
In many practical situations involving a propagating flame, inhomogeneities are present
in the mixture through which the flame propagates. These inhomogeneities can be
caused by fluctuations or stratifications in the temperature, the composition or the
flow field . Understanding the effects of such inhomogeneities on the propagation and
stability of laminar flames in simple configurations is crucial to provide a platform for
further investigations that take into account more complex aspects such as turbulence.
Similarly, since in most applications combustion generates large amounts of heat and
occurs in a gravitational field, it is vital to understand the combined effects of thermal
expansion and buoyancy on flame propagation and stability in such simple situations.
The aim of this thesis is to investigate the combined effect of thermal expansion
and buoyancy on the propagation and stability of flames propagating through inhomo-
geneous mixtures. The inhomogeneity is prescribed in the unburned gas, into which
the flame propagates, in one of two ways: either a) as a non-uniform flow field against
which a premixed flame propagates, or b) as a stratification in the concentrations of
the fuel and oxidiser, which leads to the propagation of a triple flame. The simple
configuration considered throughout the thesis is a channel with rigid walls that are
impermeable to the fluid. We begin with a brief literature review that summarises the
work done in the areas relevant to each chapter of the thesis. More thorough reviews
and descriptions of further areas of relevance to each chapter are contained within the
chapters themselves and the papers by Pearce and Daou [1, 2, 3], on which much of
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this thesis is based.
The coupling between the flame and the flow is modelled with the Navier–Stokes
equations, coupled to equations for the temperature and the mass fractions of fuel
and oxidiser, with a one-step Arrenhius reaction. A short derivation of the governing
equations is given in §1.2 of this chapter. Before discussing work that has been un-
dertaken using these governing equations, it is instructive to first note a simplification
that has been used in many studies, known as the constant density approximation.
This approximation neglects the effect of the flame on the flow by assuming that the
density of the fluid is constant. The effect of the flow on the flame is taken into account
through the advection term in the temperature and mass fraction equations, where
the flow can be prescribed. The approximation has been justified asymptotically from
the governing equations of combustion theory in the limit of weak heat release in
[4]. Decoupling the temperature and mass fraction equations from the Navier–Stokes
equations considerably simplifies combustion problems and has been useful for inves-
tigating, for example, the so-called thermo-diffusive [5] instabilities in combustion,
which arise due to differences in the rate of transport of fuel and oxidiser. Although
we are not concerned with such instabilities in this thesis, we occasionally utilise the
constant density approximation, either for comparison of results to help understand
the effects of thermal expansion, or in order to investigate an effect that arises from
combustion without having to account for the complex interactions brought about by
the effect of the flame on the fluid through which it propagates.
Another significant simplification of the governing equations of combustion was
utilised by Darrieus and Landau in their early studies on the stability of a planar
premixed flame [6, 7]. These studies took the effect of the flame on the flow into
account through thermal expansion but ignored the transport of temperature and
mass fractions. Darrieus and Landau found using this approximation that a planar
flame should always be unstable due to the difference in density across the flame.
Planar flames can, however, be observed in the laboratory; the analysis of Darrieus
and Landau fails at short wavelengths, where transport processes inside the flame
influence the flame structure and velocity [8]. The hydrodynamic or Darrieus–Landau
instability of premixed flames has been the focus of several studies, as reviewed in [9].
Later studies investigated the effects of a full coupling between the Navier–Stokes
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and the transport equations on the propagation speed and stability of premixed flames
in the limit of infinite activation energy and an infinitely thin flame front [10–14]. These
studies provided the necessary correction terms to the dispersion relation derived by
Darrieus and Landau, finding that planar premixed flames can indeed be stable. Since
the aforementioned studies, there has been a significant amount of work investigating
the effects of thermal expansion on the propagation and stability of thin flames in both
laminar and turbulent regimes (see e.g. the reviews given in [8, 9, 15]).
There has been significantly less work, however, on thick flames, which correspond
to flames in relatively narrow channels. These are the focus of Chapter 2 of this thesis.
Since the development of a suitable analytical methodology based on a thick flame
asymptotic limit by Daou et al. [16], studies on thick flames in the constant density
approximation have addressed the effect of heat loss [16, 17], the effect of nonunity
Lewis numbers [18–20] and the influence of oscillatory flow [21]. More recently, the
influence of thermal expansion on thick flames has been investigated [22, 23] under
different distinguished limits of the governing parameters. In Chapter 2, which is
based on work by Pearce and Daou [3], we extend the knowledge of premixed flame
propagation by investigating thick premixed flames subject to the effects of thermal
expansion in cases where the prescribed flow against which the flame propagates has
infinitely large amplitude. The results of the analysis in this distinguished limit are
relevant to several important topics of research, as will be discussed in more detail in
Chapter 2.
One such topic of interest is the so-called bending effect of turbulent combustion.
The bending effect is observed experimentally when the effective flame speed UT of
a premixed flame is plotted versus the turbulence intensity [24]. In Chapter 3 we
provide a discussion of the bending effect in laminar premixed flames and explain
how this relates to turbulent combustion. The main motivation in this chapter is to
describe the relevance of asymptotic results in the thick flame asymptotic limit to the
bending effect.
As well as investigating the effect of inhomogeneities in the flow on premixed flames,
in this thesis we also investigate combustion in inhomogeneous mixtures of fuel and
oxidiser, in the same channel configuration as the one utilised in Chapters 2 and 3.
Premixed flames can still propagate through mixtures with small fluctuations in the
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temperature or the concentrations of fuel and oxidiser. There have been several studies
investigating how such fluctuations affect the propagation and stability of premixed
flames (see [25] and the references therein). However, if the fuel and oxidiser are
stratified, a different structure known as a triple flame propagates through the mixture.
Triple flames consist of a fuel-rich premixed branch, a fuel-lean premixed branch and
a trailing diffusion flame.
Triple flames were first identified experimentally by Phillips [26]. Initial theoretical
investigations were carried out by Ohki and Tsuge [27], followed by Dold and collabo-
rators [28, 29]. Much research has focused on triple flames and their properties since,
mostly concerning triple flames in the constant density approximation (see the review
papers [30] and [31]). The first work to investigate the effects of thermal expansion
on triple flames was a mainly numerical study by Ruetsch et al. [32]. There have
been several studies since that have investigated the effects of thermal expansion on
triple flames [33–36], with a key result being the increase in triple flame speed due to
thermal expansion above that of the planar premixed flame, when the flame-front is
thin (corresponding to a wide channel).
One aspect of triple flames that is not very well understood is the effect of buoyancy
on their propagation and stability. Triple flames propagating in a direction parallel to
the direction of gravity have been investigated numerically and experimentally in [37–
40]. It was found that the propagation speed of a triple flame propagating downwards
is decreased in comparison to that of a triple flame in the absence of gravity. The
change in the propagation speed was explained in [39] as being due to an increase in
the acceleration of the gas ahead of the triple flame leading edge, caused by buoyancy.
Conversely, upward propagation leads to an increase in the propagation speed. It
seems, however, that no prior dedicated studies have been undertaken on triple flames
propagating in a direction perpendicular to gravity. In this thesis we provide such a
study.
In order to investigate the effect of buoyancy on a triple flame, it is imperative to
first understand this effect on the strongly burning diffusion flame, which forms one
of the triple flames branches; steadily propagating triple flames are only expected for
parameter values where a planar diffusion flame exists and is stable. For this reason
Chapter 4 of this thesis contains a stability analysis of a horizontal planar diffusion
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flame, subject to the combined effect of thermal expansion and gravity. The chapter
is based on work by Pearce and Daou [2], which seems to be the first study in the
literature to investigate the instability of a planar diffusion flame due to buoyancy-
driven convection.
In Chapter 5 we move on to investigate the combined effect of thermal expansion
and gravity on triple flames steadily propagating perpendicular to the direction of
gravity, using the results of Chapter 4 to concentrate on areas in parameter space
where the planar diffusion flame is stable. The original published work by Pearce and
Daou [1] seems to be the first dedicated study of this aspect of triple flame behaviour.
To complete our investigation of the combined effect of thermal expansion and
gravity on triple flames, in Chapter 6 we study the transient behaviour of triple
flames from their initiation in contexts where the underlying planar diffusion flame
is either stable or unstable. Included in this study is an investigation of the en-
ergy required for initiation of triple flames from a two-dimensional ignition kernel.
Steady, non-propagating, two-dimensional solutions representing “flame tubes” are
determined; their thermal energy is used to define a minimum ignition energy for
the two-dimensional triple flame in the mixing layer. Similar axisymmetric structures
representing inhomogeneous flame balls [41, 42], flame disks [43] and flame isolas [44]
have previously been identified and linked to the ignition of axisymmetric flames in
the mixing layer, but to our understanding, no such study has yet been performed for
two-dimensional triple flames in the mixing layer.
The thesis is structured as follows. The remainder of the current chapter is given
to a theoretical background of mathematical combustion, including the derivation of
the governing equations and some quantities used for scaling throughout the thesis.
Chapter 2 contains a study of the effects of thermal expansion on premixed flames
propagating through a narrow channel against a parallel flow of large intensity. Chap-
ter 3 focuses on the bending effect of laminar premixed flames. Chapter 4 consists of an
investigation of the instability of a planar diffusion flame, caused by buoyancy-driven
convection. Chapter 5 discusses the behaviour of steadily propagating triple flames
under the combined effect of buoyancy and thermal expansion. Chapter 6 presents a
study of two-dimensional triple flame initiation in mixing layers. Finally, we end the
thesis with conclusions and recommendations for further study in Chapter 7.
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Figure 1.1: Fixed control volume V , bounded by a surface S, with unit normal n and
bulk velocity v passing through.
1.2 Theoretical background
1.2.1 Governing equations
In this section we provide the governing equations of combustion theory, with an
overview of their derivation from a continuum mechanics perspective. Expanded ver-
sions of the derivation (including the derivation of the transport equations using the
kinetic theory of gases) can be found in [45] and [46]. The derivation of the general
governing equations of continuum mechanics can be found in [47]. A general introduc-
tion to fluid dynamics, including a derivation of the Navier–Stokes equations, is given
in [48].
Consider a fixed control volume V , depicted in figure 1.1. The volume is bounded
by a control surface S with outer unit normal n. A bulk velocity v passes through the
volume. Note that the mass-weighted v is the resultant of the individual velocities vi
of the N individual species, so that
N∑
i=1
ρivi = ρv, (1.1)
where ρi is the density of each species. Then the molecular diffusion velocity Vi is
given by
Vi = vi − v. (1.2)
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Equations (1.1) and (1.2) lead to
N∑
i=1
ρiVi = 0. (1.3)
Now, consider some extensive property Ψ, whose magnitude depends on the size
of the control volume V . Then a quantity ψ, whose magnitude does not depend on
the size of V , can be considered to be the “density” of Ψ per unit volume of the fluid.
The two quantities can be related by the formula
Ψ =
∫
V
ψ dV. (1.4)
Suppose the amount of Ψ changes due to external influences at a rate given by∫
V
Q dV, (1.5)
where Q is an effective density of source strength. The rate of change of Ψ is given
by the amount of Ψ lost through the surface S plus the increase of Ψ associated with
external influences [48]. This statement may be written mathematically as
d
dt
∫
V
ψ dV = −
∫
S
ψ (v · n) dS +
∫
V
Q dV. (1.6)
Rearranging and applying the divergence theorem and Leibniz’s rule to (1.6) gives
DΨ
Dt
=
∫
V
(
∂ψ
∂t
+∇ · ψv
)
dV =
∫
V
Q dV, (1.7)
where we have used the fact that V is fixed. The left hand side of (1.7) is referred to
as the material time derivative of Ψ [47]. Equation (1.7) will now be used to derive the
conservation equations for mass, momentum, energy and the concentration of species.
Conservation of mass
Let Ψ be the total mass m of the fluid. Then ψ is the mass density ρ of the fluid.
Since matter can neither be created nor destroyed, the quantity (1.5) can be set to
zero in this case. Then equation (1.7) becomes∫
V
(
∂ρ
∂t
+∇ · ρv
)
dV = 0,
or, since the control volume V is arbitrary,
∂ρ
∂t
+∇ · ρv = 0. (1.8)
Equation (1.8) is the continuity equation.
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Conservation of momentum
Let Ψ be the momentum of the flow, M. Then ψ is the momentum flux ρv. In this
case the material time derivative (1.7) is given by
DM
Dt
= p, (1.9)
where p is the resultant force acting on the fluid. This follows from Newton’s second
law, which states that the force acting on the fluid is equal to the rate of change of the
fluid’s momentum. We can split the resultant force p into two parts: the force acting
on the surface of V , represented by the stress tensor P, and the resultant of the body
forces fi per unit mass, acting on the ith species [45–48]. The surface force is given by∫
S
(P · n) dS =
∫
V
∇ ·P dV,
using the divergence theorem. Thus, equation (1.7) becomes∫
V
(
∂ρv
∂t
+∇ · ρvv
)
dV =
∫
V
∇ ·P dV +
N∑
i=1
∫
V
ρifi dV, (1.10)
where vv is a dyadic tensor. Using equation (1.8) and the fact that V is arbitrary, we
can rewrite equation (1.10) as
ρ
(
∂v
∂t
+ v · ∇v
)
= ∇ ·P +
N∑
i=1
ρifi. (1.11)
For a viscous Newtonian fluid the stress tensor P can be written as
P = −pI + µ
(
(∇v) + (∇v)T − 2
3
(∇ · v) I
)
= −pI + τ, (1.12)
where p is the pressure, µ is the dynamic viscosity and I is the unit tensor. This form
of the stress tensor for fluids, along with physical descriptions of the meaning of each
term, is discussed in [47] and [48].
We assume the only external body force acting on the fluid is gravity. Since grav-
itational acceleration is the same for all species this leads to
fi = g. (1.13)
Finally, if the viscosity µ does not depend on the temperature of the fluid, which we
assume for simplicity throughout this thesis, we have, using (1.11), (1.12) and (1.13),
ρ
(
∂v
∂t
+ v · ∇v
)
= −∇p+ µ
(
∇2u + 1
3
∇ (∇ · u)
)
+ ρg. (1.14)
Equation (1.14) is referred to as the Navier–Stokes equation.
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Conservation of species
Let Ψ be the mass mi of the ith species. Then ψ is the density ρi of the ith species.
The mass of the ith species inside V can be changed either as a result of a chemical
reaction, with rate of production ωi of the ith species per unit volume, or due to
diffusion across S. The magnitude of this diffusive transport is proportional to the
mass flux ρiVi of the molecular random motion [46] and can be written∫
S
(ρiVi · n) dS =
∫
V
∇ · ρiVi dV,
using the divergence theorem. In this case the quantity (1.5) is given by∫
V
Q dV =
∫
V
(ωi −∇ · ρiVi) dV, (1.15)
so that, using the fact that V is arbitrary, equation (1.7) becomes
∂ρi
∂t
+∇ · (ρi (v + Vi)) = ωi. (1.16)
Now, defining the mass fraction of the ith species as
Yi =
ρi
ρ
(1.17)
and using equation (1.8), we can write equation (1.16) as
ρ
(
∂Yi
∂t
+ v · ∇Yi
)
= −∇ · (ρViYi) + ωi. (1.18)
Finally, assuming Fick’s law (see [45] or [46] for a derivation in this context), which
states
YiVi = −Di∇Yi, (1.19)
where Di is the diffusion coefficient of the ith species, we can write equation (1.18) as
ρ
(
∂Yi
∂t
+ v · ∇Yi
)
= ρDi∇2Yi + ωi. (1.20)
Here we have assumed ρDi is constant. We will discuss the form of the reaction term
ωi later.
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Conservation of energy
Let Ψ be the total energy of the material inside V . The total energy can be written
as K+E, where K is the kinetic energy and E is the internal energy [47]. In this case
ψ can be written as
ψ = ρe+
1
2
ρ|v|2,
where e is the internal energy density and the term on the right hand side defines the
kinetic energy of the fluid. The energy of the fluid inside V can be changed by work
done by the surface or body forces, or by energy entering V through the boundary S;
we ignore radiative heat transfer. Thus equation (1.7) becomes∫
V
(
∂ρ
(
e+ 1
2
|v|2)
∂t
+∇ · ρ
(
e+
1
2
|v|2
))
dV = Q˜+WS +WV , (1.21)
where
Q˜ = −
∫
S
(q · n) dS = −
∫
V
∇ · q dV (1.22)
is due to the energy flux q across S,
WS = −
∫
S
v · (P · n) dS = −
∫
V
∇ · (v ·P) dV (1.23)
is the work done by the surface forces acting on V , and
WV =
N∑
i=1
∫
V
vi · (ρifi) dV (1.24)
is the work done by the body forces acting on each species in V , which are moving
at vi. Note that the divergence theorem was used in rewriting the above equations.
Using equations (1.21)–(1.24) and the fact that V is arbitrary leads to
∂ρ
(
e+ 1
2
|v|2)
∂t
+∇ · ρ
(
e+
1
2
|v|2
)
= −∇ · q−∇ · (v ·P) +
N∑
i=1
vi · (ρifi) . (1.25)
Now, taking the scalar product of equation (1.11) with v and subtracting from (1.25),
we obtain a simpler form of the energy conservation equation, given by
∂ρe
∂t
+∇ · ρve = −∇ · q−P : ∇v +
N∑
i=1
Vi · (ρifi) , (1.26)
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where the symbol : indicates that the two tensors are to be contracted twice to form
a scalar [45]. We now make several assumptions to simplify the energy conservation
equation (1.26). Firstly, we define the enthalpy h by
e = h− p
ρ
. (1.27)
Secondly, from (1.12) we have
P : ∇v = p∇ · v + Φ, (1.28)
where we assume the viscous dissipation [48] term Φ = τ : ∇v, with τ defined in
(1.12), takes the value
Φ = 0, (1.29)
which is justifiable for low speed, subsonic flows [46]. Thirdly, we assume the energy
flux q takes the form
q = −λ∇T + ρ
N∑
i=1
hiYiVi, (1.30)
where the first term on the right hand side results from Fourier’s law of heat conduc-
tion, and the second term is due to partial enthalpy transport by diffusion [46]; for
simplicity, we assume the thermal conductivity λ is constant. In equation (1.30) the
quantities hi relate to the enthalpy h by
h =
N∑
i=1
Yihi. (1.31)
Now, if the body force is gravity, using (1.3) and (1.13), we have
N∑
i=1
Vi · (ρifi) = 0. (1.32)
Using equations (1.8) and (1.26), the assumptions (1.27)–(1.32), together with the
assumption that the process is isobaric, lead to the enthalpy equation
ρ
(
∂h
∂t
+ v · ∇h
)
− ∂p
∂t
= λ∇2T +∇ ·
(
ρ
N∑
i=1
YihiVi
)
. (1.33)
Finally, we assume the caloric equation of state [49]
hi = h
0
i + cp
(
T − T 0) , (1.34)
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where T is the temperature and T 0 and h0i are the reference temperature and en-
thalpies, respectively. Here we have assumed that each species has the same constant
specific heat capacity cp. Using (1.20), (1.31) and (1.34), equation (1.33) can be writ-
ten in terms of the temperature as
ρ
(
∂T
∂t
+ v · ∇T
)
− ∂p
∂t
=
λ
cp
∇2T − 1
cP
ωT . (1.35)
Here ωT is the temperature change due to chemical reactions given by
ωT =
N∑
i=1
ωihi. (1.36)
Note that λ /cp can also be written in terms of the thermal diffusivity DT as
λ
cp
= ρDT , (1.37)
where we have assumed ρDT is constant.
Chemical reactions
In this section we prescribe the form of the chemical reaction terms ωi in equations
(1.20) and (1.36). Reactions in combustion applications can be extremely complicated,
consisting of multi-step reactions of many different species. A summary of common
reaction mechanisms used in mathematical modelling of combustion is given in [46].
Here we assume a simple, one-step reaction between fuel F and oxidiser O
ν1F + ν2O→ (ν1 + ν2) Products + q˜, (1.38)
where ν1 and ν2 denote the amount of fuel and oxidiser in the reaction, respectively,
and q˜ denotes the heat released in the reaction. Then
ωi = −miνiω, (1.39)
with the Arrenhius law [50] assumed for the global reaction rate ω, given by
ω = ρBYFYO exp (−E /RT ) . (1.40)
Here YF , YO, R, T , B and E are the fuel mass fraction, the oxidiser mass fraction, the
universal gas constant, the temperature, the pre-exponential factor and the activation
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energy of the reaction, respectively. Then the temperature change due to chemical
reactions is
ωT = q˜ω, (1.41)
where q˜ is given by
q˜ = −
N∑
i=1
miνihi. (1.42)
Now, substituting the relations (1.39)–(1.42) into the equations (1.20) and (1.35) and
rescaling the mass fractions by m1ν1, we obtain
ρ
(
∂T
∂t
+ v · ∇T
)
− ∂p
∂t
= ρDT∇2T + q
cP
ω, (1.43)
ρ
(
∂YF
∂t
+ v · ∇YF
)
= ρDF∇2YF − ω, (1.44)
ρ
(
∂YO
∂t
+ v · ∇YO
)
= ρDO∇2YO − sω, (1.45)
where q = q˜ /m1ν1 is the heat released per unit mass of fuel and s is the amount of
oxidiser consumed per unit mass of fuel, given by
s =
m2ν2
m1ν1
.
Equation of state
We complete the set of governing equations by specifying the ideal gas law equation
of state [45, 46, 48], which gives the pressure in terms of the density, the temperature
and the universal gas constant R as
p = ρRT. (1.46)
Low Mach number approximation
To finish the formulation of the governing equations we adopt the low Mach number
approximation, common in flame theory and more rigorously justified using asymptotic
analyses in several studies, such as those by Rehm and Baum [51] and Majda and
Sethian [52]. If we assume low Mach number, the spatial variations in pressure are
small. The total pressure can therefore be split into a background term consisting of
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thermodynamic pressure and a perturbational term consisting of hydrostatic pressure
and hydrodynamic pressure (see [51]). We define the hydrodynamic pressure as
p (x, t) = P (x, t)− P0 − Ps (x) ,
where P0 is the thermodynamic pressure, which we assume to be constant (see [50, p.
14]) and given by the equation of state (1.46) as
P0 = ρuRTu. (1.47)
Here ρu is the density in the absence of combustion. Ps(x) is the hydrostatic pressure
which satisfies the equation
∇Ps = ρug. (1.48)
This is found by considering (1.14) in the frozen limit with no flow (i.e. in hydrostatic
equilibrium) and noting that, following from equation (1.47), the ambient atmosphere
in the absence of heating must be taken to have constant density ρu. Subtracting
(1.48) from (1.14) then gives
ρ
∂u
∂t
+ ρu · ∇u +∇p = µ
(
∇2u + 1
3
∇ (∇ · u)
)
+ (ρ− ρu) g. (1.49)
Now, since
p (x, t) + Ps (x)
P0
= O
(
M2
)
,
where M is the Mach number (see [53]), the perturbational pressure term can be
neglected in the ideal gas equation (4.6), which can then be written P0 = ρRT or,
after considering (1.47),
ρT = ρuTu. (1.50)
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Summary of governing equations
The governing equations (1.8), (1.43)–(1.45), (1.49) and (1.50) can now be written
together in full:
∂ρ
∂t
+∇ · ρv = 0, (1.51)
ρ
(
∂v
∂t
+ v · ∇v
)
= −∇p+ µ
(
∇2u + 1
3
∇ (∇ · u)
)
+ (ρ− ρu) g. (1.52)
ρ
(
∂T
∂t
+ v · ∇T
)
− ∂p
∂t
= ρDT∇2T + q
cP
ω, (1.53)
ρ
(
∂YF
∂t
+ v · ∇YF
)
= ρDF∇2YF − ω, (1.54)
ρ
(
∂YO
∂t
+ v · ∇YO
)
= ρDO∇2YO − sω, (1.55)
ρT = ρuTu, (1.56)
where the reaction term ω is given by (1.40). These equations must be supplemented by
suitable initial conditions and boundary conditions, which depend on the configuration
and will be specified in future chapters.
1.2.2 Planar premixed flame
A fundamental problem in combustion is the propagation of the planar premixed
flame through an unbounded premixed gas. The asymptotic structure of the planar
premixed flame for large activation energies E is shown in figure 1.2. Throughout
this thesis we will use several properties of the planar premixed flame as reference
quantities, namely the adiabatic flame temperature Tad, the flame thickness lF and
the propagation velocity SL. In this section we derive expressions for these quantities.
In order to derive such expressions we utilise the well-known technique of activation
energy asymptotics. This technique has been used effectively in many combustion
studies, including generalisations of the following analysis to more complex situations
(see e.g. [10–14]). The method relies on the fact that the activation energy of the
reaction is large, which is true in most combustion applications.
The governing equations of a planar premixed flame are given by the steady, one-
dimensional form of equations (1.51)–(1.56). In a frame of reference attached to the
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Fuel
Temperature
Reaction rate
  
R
F
Y  = YF Fu
T  = Tu
T  = Tad
Y   = 0 F
Preheat zone
Reaction zone
Burnt gas
(reactive-diffusive)
(convective-diffusive)
Figure 1.2: The structure of a planar premixed flame, propagating at speed SL through
an unbounded premixed gas. The flame thickness is given by lF and the reaction zone
thickness is lR. For large activation energies, the reaction is negligible except in a thin
reaction zone [54]. Upstream is the preheat zone, where a convective-diffusive balance
holds, while in the reaction zone a reactive-diffusive balance holds. Behind the flame
is the burnt gas, which if the mixture is assumed to be stoichiometric has the adiabatic
temperature Tad.
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flame-front, these equations become
d
dx
(ρu) = 0, (1.57)
ρu
dT
dx
= ρDT
d2T
dx2
+
q
cp
ω, (1.58)
ρu
dYF
dx
= ρDF
d2YF
dx2
− ω, (1.59)
ρu
dYO
dx
= ρDO
d2YO
dx2
− sω. (1.60)
The conditions far upstream as x→ −∞ correspond to a fresh mixture with unburnt
temperature Tu and mass fractions YFu and YOu. Far downstream as x → ∞ the
conditions correspond to burnt gas where if we assume a stoichiometric mixture the
temperature is adiabatic and the fuel and oxidiser have been fully consumed. The
planar flame speed SL is defined as the speed of the incoming flow at x = −∞ in the
current frame of reference. The boundary conditions can be written
T = Tu YF = YFu, YO = YOu, ρ = ρu, u = SL as x→ −∞, (1.61)
T = Tad, YF = 0, YO = 0, ρ = ρb, u = Sb as x→∞, (1.62)
where ρu is the density in the fresh mixture and ρb is the density under adiabatic
conditions. Note that (1.57) can be integrated to give ρu = constant, so that
ρuSL = ρbSb. (1.63)
Planar flame temperature
Multipling equation (1.59) by q /cP , then integrating from x = −∞ to x = +∞ and
adding to the integral of equation (1.58) from x = −∞ to x = +∞, gives the adiabatic
flame temperature as
Tad = Tu +
qYFu
cP
, (1.64)
having used the boundary conditions (1.61)–(1.62).
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Planar flame speed
Using equations (1.58)–(1.60) and (1.63) with the fact that ρDT , ρDF and ρDO are
assumed constant, the governing equations for a planar premixed flame can be written
SL
dT
dx
= DTu
d2T
dx2
+
q
cp
ρ
ρu
BYFYO exp(−E/RT ), (1.65)
SL
dYF
dx
= DFu
d2YF
dx2
− ρ
ρu
BYFYO exp(−E/RT ), (1.66)
SL
dYO
dx
= DOu
d2YO
dx2
− s ρ
ρu
BYFYO exp(−E/RT ), (1.67)
where the subscript u denotes diffusivities in the unburnt gas at x = −∞. These
equations can be non-dimensionalised by writing
x∗ =
x
DTu /SL
, yF =
YF
YFu
, yO =
YO
YOu
, θ =
T − Tu
Tad − Tu , (1.68)
which after substitution into equations (1.65)-(1.67) and dropping the superscript gives
the non-dimensional governing equations
dθ
dx
=
d2θ
dx2
+ λ
ρ
ρu
yFyO exp
(
β(θ − 1)
1 + α(θ − 1)
)
, (1.69)
dyF
dx
=
1
LeF
d2yF
dx2
− λ ρ
ρu
yFyO exp
(
β(θ − 1)
1 + α(θ − 1)
)
, (1.70)
dyO
dx
=
1
LeO
d2yO
dx2
− λ ρ
ρu
yFyO exp
(
β(θ − 1)
1 + α(θ − 1)
)
, (1.71)
where
λ =
DTuBYOu exp(−E/RTad)
S2L
, LeF =
DT
DF
, LeO =
DT
DO
, (1.72)
β = E(Tad − Tu)/RT 2ad, α = (Tad − Tu)/Tad. (1.73)
Here we have noted that sYFu = YOu, based on our assumption that the mixture is
stoichiometric. Substituting (1.68) into the boundary conditions (1.61)–(1.62) leads
to the non-dimensional boundary conditions
θ = 0, yF = 1, yO = 1 as x→ −∞, (1.74)
θ = 1, yF = 0, yO = 0 as x→∞. (1.75)
Now we consider the commonly utilised limit of infinite activation energy, β →∞.
In this limit the reaction term is negligible to all orders in β−1, except in a thin layer
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corresponding to θ− 1 = O(β−1). Thus we can split the domain into three zones: two
outer zones consisting of the preheat zone and the burnt gas and a thin inner zone
consisting of the reaction layer (see figure 1.2). In the outer zones the reaction rate is
zero so that the equations (1.69)–(1.71) become
dθ
dx
=
d2θ
dx2
,
dyF
dx
=
1
LeF
d2yF
dx2
,
dyO
dx
=
1
LeO
d2yO
dx2
.
These equations can be solved to give the outer solutions
θouter = A exp(x) +B, youterF = C exp(LeFx) +D, y
outer
O = E exp(LeOx) + F.
(1.76)
In the burnt gas we have A = C = E = 0 to prevent unboundedness as x→∞; thus
from the boundary conditions (1.75) we have
θouter = 1, youterF = 0, y
outer
O = 0 in the burnt gas.
In the preheat zone we have B = 0 and D = F = 1 from boundary conditions (1.74),
which gives
θouter = A exp(x), youterF = C exp(LeFx) + 1, y
outer
O = E exp(LeOx) + 1.
The outer fuel mass fraction profiles intersect at the point x0 where C exp(LeFx0)+1 =
0. Since the problem is translationally invariant, we can choose x0 = 0 to be the origin
so that C = −1. Thus the outer profiles are given by
θouter = A exp(x), youterF = 1− exp(LeFx), youterO = 1 + E exp(LeOx), x < 0,
(1.77)
θouter = 1, youterF = 0, y
outer
O = 0, x > 0.
(1.78)
The constants A and E in (1.77) can be determined by matching with the inner
solution. We begin by expanding both in terms of β−1
A = A0 +
A1
β
+O
(
1
β2
)
, E = E0 +
E1
β
+O
(
1
β2
)
,
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where superscripts are used to denote successive terms in inner expansions in terms of
β−1. Now, since the reaction zone thickness is O(β−1), we let
X =
x
β−1
, θinner(x) = Θ(X), yinnerF (x) = F (X), y
inner
O (x) = R(X),
where
Θ(X) = 1 +
Θ1(X)
β
+ ..., F (X) =
F 1(X)
β
+ ... R(X) =
R1(X)
β
+ ...
Here we have anticipated that to leading order yF = yO = 0 and θ = 1 inside the
reaction zone. Now, for a balance between the reaction and diffusion terms inside the
reaction zone in equation (1.69), it is clear that λ = O(β3). Also, since Θ = 1 to
leading order, we have ρ ∼ ρb to leading order. Thus we let
λ
ρb
ρu
= β3Λ0. (1.79)
Hence the governing equations for the inner solution are given by
Θ1XX + Λ0F
1R1 exp(Θ1) = 0, (1.80)
1
LeF
F 1XX − Λ0F 1R1 exp(Θ1) = 0, (1.81)
1
LeO
R1XX − Λ0F 1R1 exp(Θ1) = 0. (1.82)
The boundary conditions on equations (1.80)–(1.82) are now found by matching with
the outer solutions using the formula
φinner(X → ±∞) = φouter(x→ 0±) (1.83)
for each dependent variable φ. Matching with the solution for the burnt gas, given in
(1.78), gives
Θ1 = F 1 = R1 = 0 as X →∞. (1.84)
Expanding the solution for the temperature in the unburnt gas, given by (1.77), as
x→ 0− leads to
θouter(x→ 0−) = (A0 + A1
β
+ ...)(1 +
X
β
+ ...).
Matching with the inner solution as X → −∞ gives A0 = 1 and thus
Θ1 = X + A1 as X → −∞. (1.85)
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Similarly, it can be shown that E0 = −1, so that
F 1 = −LeFX, R1 = −LeOX + E1 as X → −∞. (1.86)
Now, adding equations (1.80) and (1.81), we obtain
d2
dX2
(
Θ1 +
F 1
LeF
)
= 0,
which can be integrated twice, using boundary condition (1.84), to find
Θ1 +
F 1
LeF
= 0. (1.87)
Since this is also valid as X → −∞, we have A1 = 0 from boundary conditions (1.85)
and (1.86). Similarly, adding equations (1.80) and (1.82) and integrating with the use
of (1.84) shows that
Θ1 +
R1
LeO
= 0, (1.88)
and thus E1 = 0 from (1.85) and (1.86). Using (1.87) and (1.88) we can now write the
inner problem as
Θ1XX + Λ0LeFLeO
(
Θ1
)2
exp(Θ1) = 0, (1.89)
with
Θ1 = X as X → −∞, (1.90)
Θ1 = 0 as X →∞. (1.91)
The problem (1.89)–(1.91) can be solved by multiplying equation (1.89) by Θ1X and
integrating from X = −∞ to X = +∞, using conditions (1.90)-(1.91), to find
Λ0 =
1
4LeFLeO
,
so that, using (1.79),
λ =
ρu
ρb
β3
4LeFLeO
(1.92)
and finally, inserting (1.92) into the definition of λ on the left hand side of (1.73),
SL =
(
ρb
ρu
4LeFLeO
β3
YO,stDTuB exp(−E/RTad)
)1/2
(1.93)
to leading order in β−1. This is the required result, giving the planar premixed flame
speed, with thermal expansion taken into account.
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Planar flame thickness
The planar flame thickness is defined by the diffusive length scale [10, 12, 14]
lF =
DT
SL
. (1.94)
Chapter 2
Taylor dispersion and thermal
expansion effects on flame
propagation in a narrow channel
2.1 Introduction
In this chapter, which is based on a paper by Pearce and Daou [3], we provide a
theoretical study of a variable density premixed flame propagating through a narrow
channel against a Poiseuille flow of large amplitude. Under these conditions, the
dependence of the propagation speed of the premixed flame on the Peclet number is
investigated. The essential governing parameters are the flame-front thickness  and
the amplitude of the flow A (which together define the Peclet number Pe = A /), as
well as the activation energy of the reaction β. The problem studied has relevance to
several important areas of research.
The first area concerns premixed flames propagating through narrow channels,
which have been the subject of considerable renewed interest in recent years. In
addition to traditional applications such as fire safety in mine shafts [55, p. 271],
recent applications are concerned with emerging technologies that utilise microscale
combustion [56]. Related investigations have addressed the development of a suitable
analytical methodology, based on a thick flame asymptotic limit [16], the effect of heat
loss [16, 17], the effect of non-unity Lewis numbers [18–20], the influence of oscillatory
flow [21] and the influence of thermal expansion [22, 23] under different distinguished
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limits of the governing parameters. The asymptotic results in the current chapter can
be considered to be an extension of the results of Daou et al. [16] and Short and Kessler
[22], who studied the same configuration but in the limit of small Peclet number in
the constant density and variable density cases, respectively. A low value of Pe is not
the case, however, in many practical applications (see, for example, the experimental
results given in the review article [57], which were obtained for a fixed value of Pe).
For this reason the asymptotic analysis in the current study is performed in the limit
→∞ with Pe = O(1) and numerical results are obtained for moderately large Peclet
numbers.
The second area of research is related, albeit indirectly, to turbulent combustion.
At high values of Pe the flame could become turbulent, an aspect of the problem not
addressed here. Nevertheless, the results are still useful as a first step towards an
understanding of the effects of the small scales in the flow on a turbulent premixed
flame; at present there seems to be no analytical description of even laminar premixed
flames for arbitrary values of Pe in situations where the flame is thick compared to the
length scale of the flow. This latter situation is fundamental to a proper evaluation of
Damko¨hler’s second hypothesis [58] concerning the effect of small scale flow on turbu-
lent premixed flames, which has received little attention in the literature. Conversely,
there have been many studies on turbulent premixed flames in the flamelet regime of
large flow scales compared to the flame thickness [59–63], which was the subject of
Damko¨hler’s first hypothesis. A detailed discussion of the relevance of Damko¨hler’s
second hypothesis to turbulent premixed flames can be found in the paper by Daou
et al. [16]. A thorough review of turbulent combustion in general can be found in the
monograph by Peters [15].
The third area of relevant research is Taylor dispersion, a well-studied topic that
began with Taylor’s seminal paper discussing the enhanced dispersion of a solute
due to a parallel flow in a channel [64]. Taylor investigated a distinguished limit
characterised by a small diffusion time in comparison to the advective time; in this
limit the depth-averaged concentration of the solute was shown to be governed by a
one-dimensional equation with an effective diffusion coefficient Deff, which was found
to be larger than the diffusion coefficient D and dependent upon the profile of the
parallel flow. Specifically, in the case of a cylindrical channel of radius a and an
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imposed Poiseuille flow of cross-sectional average w¯, Taylor found the effective diffusion
coefficient to be given by
Deff = D
(
1 +
a2w¯2
48D2
)
, (2.1)
for a solute with diffusion coefficient D.
A comprehensive review of the subject of Taylor dispersion can be found in the
book by Brenner and Edwards [65]. Here we simply note that there seem to be rela-
tively few analytical studies in the literature that investigate Taylor dispersion with
a variable density flow (see [66–68]). In these studies the effective diffusion coefficient
has been found to be a function of the density. Although there has been a small
number of studies on Taylor dispersion in reaction-diffusion equations (e.g. [69]), this
study is the first to discuss Taylor dispersion in the context of combustion. One of
the limits taken in the current chapter can be considered to characterise the Taylor
regime of a premixed flame, whereby the flame is described by the one-dimensional
planar premixed flame equation with an effective diffusion coefficient. The determina-
tion of the propagation speed (an eigenvalue representing the speed of the travelling
premixed flame) is intimately linked to the effective diffusion coefficient in the limit of
infinite activation energy. It is surprising that despite this direct link, Taylor disper-
sion does not yet seem to have been investigated in the context of premixed (laminar
or turbulent) combustion.
The main aims of the investigation are: 1) to quantify the effect of a small-scale
parallel (Poiseuille) flow on the propagation speed of a premixed flame for fixed values
of the Peclet number, taking gas expansion into account (see formula (2.53) later);
2) to demonstrate that the enhancement of the propagation speed coincides exactly
with the Taylor dispersion formula (2.1); 3) to provide an analytical confirmation of
Damko¨hler’s second hypothesis in our particular case corresponding to a laminar flow
with a single scale which is small compared to the flame thickness (see the discussion
in §2.6). We believe that achieving these aims, albeit in a simplified adiabatic context
(such as in [70]), as is carried out in this study, is a contribution of a fundamental nature
that will provide a solid basis for future studies accounting for additional realistic
effects. These include more complex multi-scale flows and the influence of heat losses,
which are not accounted for here to concentrate on the pure interaction between the
flow and the flame and to ensure that the analysis is tractable. The practical aspects of
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Burnt gasUnburnt gas
Figure 2.1: An illustration of a premixed flame propagating against a Poiseuille flow
in a channel of height 2L.
heat losses are known to be important in real micro-combustion applications; indeed, to
minimise the influence of such heat losses, it is well known that thermal management
is required experimentally, such as external wall heating [71] or heat recirculation
[72, 73]; see also the review by Fernandez-Pello [56].
The chapter is structured as follows. In §2.2 we formulate the problem. §2.3 consists
of an asymptotic analysis in the limit →∞, with Pe = O(1). In §2.4 we consider the
limit of infinite activation energy, β →∞, in order to provide an analytical description
of the propagation speed in terms of Pe. In §2.5 we expand and discuss the results
of the preceding asymptotic analyses and compare with numerical solutions of the
governing equations, with particular emphasis on describing the relationship between
the effective propagation speed UT and Peclet number Pe for several values of the flame
front thickness  and activation energy β. Finally, a summary of the main findings is
given in §2.6.
2.2 Formulation
Consider a premixed flame propagating through a channel of height 2L. Far upstream
of the flame a fully developed Poiseuille flow, defined by
u˜ = A˜
(
1− y˜
2
L2
)
,
is prescribed (see figure 2.1). The governing equations at low Mach number are given by
the Navier–Stokes equations coupled to equations for temperature and mass fractions,
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along with the ideal gas equation of state. The fluid velocity is given by (u˜, v˜). The
combustion is modelled as a single irreversible one-step reaction of the form
F→ Products + q,
where F (assumed to be the deficient reactant) denotes the fuel and q the heat released
per unit mass of fuel.
The overall reaction rate ω˜ is taken to follow an Arrhenius law of the form
ω˜ = ρ˜BYF exp (−E/RT˜ ).
Here ρ˜, YF , R, T˜ , B and E are the density, the fuel mass fraction, the universal gas
constant, the temperature, the pre-exponential factor and the activation energy of the
reaction, respectively. The flame propagates through the channel in the x˜-direction
with velocity −U˜ i, where U˜ is an eigenvalue to be determined as part of the solution
to the problem.
With tilda denoting dimensional quantities, scaled non-dimensional variables are in-
troduced using
x =
x˜
L
, y =
y˜
L
, u =
u˜
S0L
, v =
v˜
S0L
,
t =
t˜
L /S0L
, θ =
T˜ − T˜u
T˜ad − T˜u
, yF =
YF
YFu
, p =
p˜
ρ˜u (S0L)
2 .
The unit speed is taken to be
S0L =
(
2LeFβ
−2 (1− α)DTB exp
(
E
/
RT˜ad
))1/2
,
which is the laminar burning speed of the planar flame for β  1. Here T˜ad ≡
T˜u + qYFu/cP is the adiabatic flame temperature, β ≡ E
(
T˜ad − T˜u
)/
RT˜ 2ad is the
Zeldovich number or non-dimensional activation energy and α ≡
(
T˜ad − T˜u
)/
T˜ad is
the thermal expansion coefficient. The quantities T˜u, YFu, and ρ˜u denote the values
of the temperature, fuel mass fraction and density in the unburnt gas as x˜ → −∞,
respectively.
In non-dimensional form the governing equations in a coordinate system attached to
the flame front, which is travelling in the negative x-direction at speed U = U˜ /S0L ,
CHAPTER 2. TAYLOR DISPERSION EFFECTS ON FLAMES 48
are given by
∂ρ
∂t
+∇ · ρuˆ = 0, (2.2)
ρ
∂u
∂t
+ ρuˆ · ∇u +∇p = Pr
(
∇2u + 1
3
∇ (∇ · u)
)
, (2.3)
ρ
∂θ
∂t
+ ρuˆ · ∇θ = ∇2θ + 
−1ω
1− α, (2.4)
ρ
∂yF
∂t
+ ρuˆ · ∇yF = 
LeF
∇2yF − 
−1ω
1− α, (2.5)
ρ =
(
1 +
α
1− αθ
)−1
, (2.6)
assuming that the thermal diffusivity DT and the fuel mass diffusion coefficient DF
satisfy ρ˜DT = ρ˜DF = constant. Here uˆ = u +U i and p is the hydrodynamic pressure.
The walls located at y = −1 and y = 1 are considered to be rigid and adiabatic.
Symmetry conditions are applied at y = 0. The boundary conditions are therefore
given by
∂θ
∂y
=
∂yF
∂y
=
∂u
∂y
= v =
∂p
∂y
= 0 at y = 0, (2.7)
∂θ
∂y
=
∂yF
∂y
= u = v = 0 at y = 1, (2.8)
θ = 0, yF = 1, u = A
(
1− y2) = Pe (1− y2) ,
v = 0 at x = −∞, (2.9)
∂θ
∂x
=
∂yF
∂x
=
∂u
∂x
=
∂v
∂x
= p = 0 at x = +∞, (2.10)
along with suitable initial conditions. The non-dimensional parameters are defined as
 =
δL
L
=
DT /S
0
L
L
, Pe =
A

,
LeF =
DT
DF
, and Pr =
ν
DT
,
which are the non-dimensional flame-front thickness, the Peclet number, the fuel Lewis
number and the Prandtl number, respectively. Here ν is the kinematic viscosity ν =
µ /ρ˜u . Note that δL is the dimensional flame-front thickness given by δL = DT /S
0
L
and A is the non-dimensional amplitude of the imposed Poiseuille flow, A = A˜ /S0L .
Finally, the non-dimensional reaction rate ω is defined as
ω =
β2
2LeF
ρyF exp
(
β (θ − 1)
1 + α (θ − 1)
)
. (2.11)
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The problem is now fully formulated and is given by equations (2.2)-(2.6), with bound-
ary conditions (2.7)-(2.10). The non-dimensional parameters in this problem are Pe,
, β, α, Pr and LeF .
Note that by integrating the steady form of equation (2.4) over the whole domain,
using the continuity equation (2.2) with the boundary conditions (2.7)-(2.10) and
assuming total fuel consumption downstream, we find
U + u¯ =
∫ 1
0
∫ ∞
−∞
−1ω
1− αdxdy, (2.12)
where u¯ is the mean speed of the parallel inflow at x = −∞. Therefore
UT ≡ U + u¯ (2.13)
appears as an effective propagation speed, as commonly defined in turbulent com-
bustion. In the current study of a Poiseuille flow in a rectangular channel, using the
boundary condition (2.9), the effective propagation speed is given by
UT ≡ U + 2
3
Pe.
2.3 Asymptotic analysis in the limit →∞
To simplify the problem we consider the steady form of equations (2.2)-(2.6) with
unity Lewis number
LeF = 1. (2.14)
In this case only the equation for temperature needs to be considered, since yF = 1−θ.
This follows from adding equations (2.4) and (2.5) and using boundary conditions (2.9).
We now consider the limit →∞ with Pe = O(1), Pr = O(1) and β = O(1). The
flow amplitude A = O () for Pe = O(1). We introduce a rescaled coordinate
ξ =
x

, (2.15)
CHAPTER 2. TAYLOR DISPERSION EFFECTS ON FLAMES 50
so that the governing equations (2.2)-(2.6) become
∂
∂ξ
(ρ(u+ U)) + 
∂
∂y
(ρv) = 0, (2.16)
ρ(u+ U)
∂u
∂ξ
+ ρv
∂u
∂y
+
∂p
∂ξ
= Pr
(
4
3
∂2u
∂ξ2
+ 2
∂2u
∂y2
+

3
∂2v
∂ξ∂y
)
, (2.17)
ρ(u+ U)
∂v
∂ξ
+ ρv
∂v
∂y
+ 
∂p
∂y
= Pr
(
∂2v
∂ξ2
+
42
3
∂2v
∂y2
+

3
∂2u
∂ξ∂y
)
, (2.18)
ρ(u+ U)
∂θ
∂ξ
+ ρv
∂θ
∂y
=
∂2θ
∂ξ2
+ 2
∂2θ
∂y2
+
ω
1− α, (2.19)
ρ =
(
1 +
α
1− αθ
)−1
, (2.20)
where
ω =
β2
2
ρ (1− θ) exp
(
β (θ − 1)
1 + α (θ − 1)
)
.
These equations are subject to the boundary conditions (2.7) and (2.8), with
θ = 0, u = A
(
1− y2) = Pe (1− y2) , v = 0 at ξ = −∞, (2.21)
∂θ
∂ξ
=
∂u
∂ξ
=
∂v
∂ξ
= p = 0 at ξ = +∞. (2.22)
We now introduce expansions for →∞ in the form
U = −2
3
Pe+ U0 + 
−1U1 + ...
u = u0 + u1 + ... v = v0 + 
−1v1 + ...
θ = θ0 + 
−1θ1 + ... p = 3p0 + 2p1 + ...
 (2.23)
Note that here U0 is the leading order approximation to the effective flame speed UT ,
defined in (2.13). Note also that the horizontal velocity component u is O (), due to
the imposed Poiseuille flow at ξ = −∞ given by (2.21), while the vertical component of
the velocity v is taken to be O(1) to balance the two terms in the continuity equation
(2.16).
Substituting (2.23) into equations (2.16)-(2.19), we obtain to leading order
∂
∂ξ
(
ρ0
(
u0 − 2
3
Pe
))
+
∂
∂y
(ρ0v0) = 0, (2.24)
∂p0
∂ξ
= Pr
∂2u0
∂y2
, (2.25)
∂p0
∂y
= 0, (2.26)
∂2θ0
∂y2
= 0. (2.27)
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Equations (2.26) and (2.27) can be integrated with respect to y to give p0 = p0(ξ) and
θ0 = θ0(ξ), after using the boundary condition (2.7) on θ0, so that ρ0 = ρ0(ξ) from
(2.20).
Now, using a similar method to Short and Kessler [22], we look for a separable solution
for u0(ξ, y) in the form
u0(ξ, y) = uˆ0(y)uˇ0(ξ). (2.28)
Substitution of (2.28) into equation (2.25) gives
∂2uˆ0
∂y2
=
1
uˇ0Pr
∂p0
∂ξ
= −2C, (2.29)
where C is a constant. Equation (2.29) can be integrated twice with respect to y,
using the boundary conditions (2.7) and (2.8), to yield
uˆ0(y) = C(1− y2),
so that
u0(ξ, y) = uˇ0(ξ)(1− y2),
where C has been absorbed into uˇ0(ξ).
Integrating equation (2.24) with respect to y from y = 0 to y = 1, we obtain
∂
∂ξ
(
ρ0(ξ)
(
2
3
uˇ0(ξ)− 2
3
Pe
))
= 0, (2.30)
after using boundary conditions (2.7)-(2.8) on v0. Equation (2.30) implies that
2
3
ρ0(ξ) (uˇ0(ξ)− Pe) = 2
3
(uˇ0 (ξ → −∞)− Pe) = 0,
using the fact that ρ0 (ξ → −∞) = 1 from equation (2.20) and boundary condition
(2.21). Thus uˇ0(ξ) = Pe, so that
u0 = Pe(1− y2). (2.31)
The continuity equation (2.24) can then be integrated with respect to y, using (2.31)
and condition (2.7), to yield
v0 = − 1
ρ0
∂ρ0
∂ξ
Pe
3
(
y − y3) . (2.32)
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Now, at O () in equation (2.19) we have
ρ0
(
u0 − 2
3
Pe
)
∂θ0
∂ξ
=
∂2θ1
∂y2
, (2.33)
which, after using (2.31) and condition (2.7), can be integrated twice with respect to
y to give
θ1 = ρ0
∂θ0
∂ξ
Pe
(
y2
6
− y
4
12
)
+ θˇ1(ξ). (2.34)
Next we look to O (1) in equation (2.16) to find
∂
∂ξ
(
ρ1
(
u0 − 2
3
Pe
))
+
∂
∂ξ
(ρ0 (u1 + U0)) +
∂
∂y
(ρ0v1) +
∂
∂y
(ρ1v0) = 0. (2.35)
Equation (2.35) can be integrated first with respect to y from y = 0 to y = 1, utilising
the boundary conditions (2.7)-(2.8) on v0, and then with respect to ξ to give∫ 1
0
(
ρ1
(
u0 − 2
3
Pe
))
dy +
∫ 1
0
(ρ0 (u1 + U0)) dy = K. (2.36)
To evaluate K, we use boundary conditions (2.21) to obtain
K =
∫ 1
0
(
ρ1(ξ → −∞)
(
u0(ξ → −∞)− 2
3
Pe
))
dy +∫ 1
0
(ρ0(ξ → −∞) (u1(ξ → −∞) + U0)) dy = U0. (2.37)
Finally, at O (1) of equation (2.19) we have
ρ0 (u1 + U0)
∂θ0
∂ξ
+ ρ1
(
u0 − 2
3
Pe
)
∂θ0
∂ξ
+ ρ0
(
u0 − 2
3
Pe
)
∂θ1
∂ξ
+ ρ0v0
∂θ1
∂y
=
∂2θ0
∂ξ2
+
∂2θ2
∂y2
+
ω0
1− α, (2.38)
where ω0(ξ) = ω (θ0, ρ0). Integrating (2.38) with respect to y from y = 0 to y = 1,
taking into account the boundary conditions (2.7)-(2.8) on θ and substituting (2.31),
(2.32), (2.34), (2.36) and (2.37), we obtain
U0
∂θ0
∂ξ
− ∂
∂ξ
((
1 +
8
945
Pe2ρ20
)
∂θ0
∂ξ
)
=
ω0
1− α, (2.39)
with
ρ0 =
(
1 +
α
1− αθ0
)−1
,
ω0 =
β2
2
ρ0 (1− θ0) exp
(
β (θ0 − 1)
1 + α (θ0 − 1)
)
,
 (2.40)
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subject to the boundary conditions
θ0(−∞) = 0, θ0ξ(+∞) = 0. (2.41)
This shows that in the limit  → ∞, with Pe = O(1), the problem of a variable
density premixed flame in a two dimensional channel can be reduced to a one dimen-
sional boundary value problem. Equation (2.39) is the equation that would describe
a premixed flame propagating through a one-dimensional channel with an effective
diffusion coefficient
Deff = DT
(
1 +
8
945
Pe2
ρ˜2
ρ˜2u
)
. (2.42)
This is an important result because it corresponds to a generalised form (accounting
for variable density effects) of the effective diffusion coefficient found when studying
the effect of a Poiseuille flow on mixing in the non-reactive Taylor dispersion problem,
originally investigated by Taylor [64]. A premixed flame in the limit  → ∞, with
Pe = O(1) can be therefore considered to be in the Taylor dispersion regime.
The boundary value problem (2.39)-(2.41) will be solved numerically in §2.5 to
provide a description of the relationship between UT and Pe. These results will also
be compared to those of numerical solutions of the full problem. Firstly, however, we
will proceed to study the limit β → ∞ in order to find a leading order asymptotic
solution for UT .
2.4 Explicit solution for large activation energy β →
∞
Here we consider the solution to the problem (2.39)-(2.41) in the limit of infinite
activation energy β →∞. Following a well known approach in this limit, the reaction
is confined to a thin layer of thickness O (β−1). The domain can therefore be split
into two outer zones (which we refer to as the preheat zone and the burnt gas) and an
inner zone (the reaction zone). We use the condition θ0 (ξ →∞) = 1, which follows
from the total completion of the reaction far downstream.
In the outer zones the reaction rate is set to zero so that, from (2.39),
U0
dθ0
dξ
− d
dξ
((
1 +
8
945
Pe2ρ20
)
dθ0
dξ
)
= 0, , (2.43)
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where ρ0 = ρ (θ0). The solution to this equation in the burnt gas is found to be
θ0 = 1, (2.44)
while in the preheat zone we have, denoting P = 8Pe2 /945 and α˜ = α /(1− α) ,
(U0θ0)
(P+1)/U0
(1 + α˜θ0)
P/U0
exp
(
P
U0 (1 + α˜θ0)
)
= C1 exp (ξ) , (2.45)
on using the condition (2.21). The constant C1 can be determined by choosing the
origin where the outer profiles intersect, since the problem is translationally invariant
in the ξ-direction. This gives
C1 = (1 + α˜)
−P/U0 exp
(
P
(1 + α˜)U0
)
U
(1+P )/U0
0 .
The propagation speed U0 can now be determined by matching with the inner solution.
Since the reaction layer is of thickness O (β−1), in the inner region we let
X =
ξ
β−1
, θinner0 = Θ (X) = 1 + β
−1Θ1 +O
(
β−2
)
. (2.46)
Then to leading order we have
Θ1XX − ΛΘ1 exp
(
Θ1
)
= 0, (2.47)
where
Λ =
(
2 (1 + α˜)
(
1 +
P
(1 + α˜)2
)√
1− α
)−1
.
The boundary conditions to equation (2.47) are found by matching with the outer
solutions using the formula
θinner0 (X → ±∞) = θouter0
(
ξ → 0±) . (2.48)
Matching with the solution in the burnt gas, given by (2.44), yields
Θ1 (X → +∞) = 0. (2.49)
Now, noting from (2.46) and (2.48) that
θ0
(
ξ → 0−) = 1 + β−1Θ1 (X → −∞) +O (β−2) ,
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we expand equation (2.45) for the temperature in the unburnt gas as ξ → 0 to find
Θ1 (X → −∞) = (1 + α˜)
2 U0
(1 + α˜)2 + P
X. (2.50)
Now U0 can be found by integrating equation (2.47) subject to the boundary conditions
(2.49) and (2.50). Multiplying (2.47) by Θ1X and integrating with respect to X from
X = −∞ to X = +∞ yields[
(Θ1X)
2
2
]X=+∞
X=−∞
=
∫ Θ1(+∞)
Θ1(−∞)
ΛΘ1 exp
(
Θ1
)
dΘ1. (2.51)
Thus, using (2.49) and (2.50), (
(1 + α˜)2 U0
(1 + α˜)2 + P
)2
= 2Λ, (2.52)
so that
U0 =
√
1 +
8
945
Pe2 (1− α)2. (2.53)
This equation gives the leading order approximation U0 to the effective flame speed
UT for a given value of Pe in the limit →∞, β →∞, with Pe = O(1).
2.4.1 Constant density results
The asymptotic results found for a variable density premixed flame can be similarly
derived in the simpler case of a constant density premixed flame. The constant density
form of the boundary value problem (2.39)-(2.41), derived in the limit  → ∞ with
Pe = O(1), is
U0
∂θ0
∂ξ
−
(
1 +
8
945
Pe2
)
∂2θ0
∂ξ2
= ω0, (2.54)
with
ω0 =
β2
2
(1− θ0) exp
(
β (θ0 − 1)
1 + α (θ0 − 1)
)
, (2.55)
subject to the boundary conditions
θ0(−∞) = 0, θ0ξ(+∞) = 0. (2.56)
In the limit β →∞, this problem has the solution
U0 =
√
1 +
8
945
Pe2. (2.57)
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2.4.2 Cylindrical channel results
A similar asymptotic analysis to the one above can be performed (see Appendix A)
for a premixed flame propagating through a cylindrical channel of diameter 2L with
an imposed Poiseuille flow. As in the case of a rectangular channel it is found that
the flame is governed by the equation for a planar premixed flame with an effective
diffusion coefficient, in this case given by
Deff = DT
(
1 +
1
192
Pe2
ρ˜2
ρ˜2u
)
,
in the variable density case and
Deff = DT
(
1 +
1
192
Pe2
)
.
in the constant density case. Using the definition of the Peclet number the constant
density result can be written in dimensional form as
Deff = DT
(
1 +
L2u¯2
48D2T
)
, (2.58)
where u¯ = A˜ /2 is the cross-sectional average of the imposed Poiseuille flow. The
result (2.58) is exactly the result (2.1) found by Taylor [64] in his original paper.
2.5 Further results and discussion
In this section we compare the results of the asymptotic analyses undertaken in previ-
ous sections with the results of numerical computations. The main aim is to examine
the relationship between the effective propagation speed UT , defined in (2.13), and
the Peclet number Pe for several values of the flame-front thickness  and activation
energy β, in both the variable density and constant density cases.
2.5.1 Numerical procedure
The numerical results are obtained by solving the steady form of equations (2.2)-(2.6)
with boundary conditions (2.7)-(2.10) using the software package Comsol Multiphysics.
This software has been extensively tested in combustion applications including our pre-
vious publications [1, 2]. The problem is entered into the partial differential equation
(PDE) interface in Comsol, which uses a finite element discretisation to transform the
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(a) Constant density results
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(b) Variable density results
Figure 2.2: Summary of asymptotic and numerical results in a) constant density case
and b) variable density case. Numerical simulations of the full system (2.2)-(2.10) are
performed for α = 0.85, β = 10 and Pr = 1. Numerical solutions of the boundary
value problem (2.39)-(2.41) are calculated for α = 0.85 and β = 10.
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set of non-linear PDEs into a set of non-linear algebraic equations in which the prop-
agation speed UT appears as an additional unknown (eigenvalue). These equations,
augmented by the requirement that the temperature is prescribed at the origin (an
additional equation needed to determine the eigenvalue UT ), are then solved using an
affine invariant form of the damped Newton method, as described by Deuflhard [74].
In the constant density case we solve (2.4) with u = Pe (1− y2), v = 0, ρ = 1 and
the reaction term replaced by −1ω. The domain is covered by a non-uniform grid
of approximately 200,000 triangular elements, with local refinement around the reac-
tion zone. Various tests are performed to ensure the results are independent of the
mesh. A channel of length x = 30 is taken to approximate an infinitely long chan-
nel. Throughout this section we let LeF = 1, Pr = 1 and α = 0.85 unless otherwise
stated. The numerical calculations are performed for a fixed value of the activation
energy, β = 10, unless otherwise stated. For each Pe the value of UT is scaled by the
value of U calculated numerically for Pe = 0 and  = 1. Finally the boundary value
problems (2.39)-(2.41) and (2.54)-(2.56), derived in the limit →∞, are solved using
the BVP4C solver in Matlab, which uses a Lobatto IIIa method [75].
2.5.2 Comparison of the asymptotic and numerical results
Figures 2.2(a) and 2.2(b) summarise both the asymptotic and numerical results in
the constant density case and variable density case, respectively. Plotted are 1) the
solutions to the boundary value problems (2.39)-(2.41) and (2.54)-(2.56), derived in
the limit  → ∞, Pe = O(1), for several values of β; 2) the asymptotic results (2.53)
and (2.57), derived in the limit →∞, β →∞, Pe = O(1); 3) the results of numerical
solutions of the full problem, given by equations (2.2)-(2.6) and boundary conditions
(2.7)-(2.10), for large values of both  and β.
It can be seen that in both the constant and variable density cases there is strong
agreement between the numerical results calculated for high values of  with β = 10
and the asymptotic results derived in the limit →∞ for β = 10. It can also be seen
that in both cases the asymptotic results derived in the limit →∞ (for a chosen value
of β) approach the results derived in the limit  → ∞, β → ∞ when β is increased,
as expected. Comparing the figures shows that a finite value of the activation energy
β has a larger effect on the propagation speed in the variable density case than in the
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(a)
(b)
Figure 2.3: Flame shape (represented by the line θ = 0.5) for  = 10, β = 10 and a)
Pe = 10, b) Pe = 20 in the constant density (thin line) and variable density (thick
line) cases.
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Figure 2.4: a) Contour plot of the temperature θ, with the velocity field induced by
thermal expansion, which is given by (u− Pe (1− y2) , v); b) contour plot of the hori-
zontal velocity component due to thermal expansion, which is given by u−Pe (1− y2);
c) contour plot of the vertical velocity component v. The plots correspond to  = 50,
Pe = 10 and β = 10. The values of the quantities along each contour are indicated.
The figures are plotted in the unscaled coordinates (x, y).
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(a) (b)
(c) (d)
Figure 2.5: Plots of a) temperature θ along y = 0; b) reaction rate ω along y = 0; c)
increase in horizontal velocity u along y = 0 due to thermal expansion, which is given
by u(y = 0)−A; d) vertical velocity component v along y = 0.5. The plots correspond
to selected values of the Peclet number Pe, with  = 50 and β = 10. The figures are
plotted in the unscaled coordinates (x, y).
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constant density case.
A further comparison of figures 2.2(a) and 2.2(b) shows that Pe has a significantly
larger effect on the propagation speed in the constant density case than when thermal
expansion is taken into account. This can be explained by considering the perturbation
to the flame shape using the method of Daou and Matalon [17] and Short and Kessler
[22]. Using the fact that θ0 = θ0 (ξ) and equation (2.34) we have
θ = θ0 (ξ) + 
−1
(
ρ0
∂θ0
∂ξ
Pe
(
y2
6
− y
4
12
)
+ θˇ1(ξ)
)
+O
(
−2
)
.
Now, let ξ∗ be the location at which the leading order temperature takes the constant
value θ∗0. Defining the perturbation ξ = ξ
∗ + −1ξ′, and letting ∗ denote the value of a
variable at ξ∗, so that
θ
(
ξ∗ + −1ξ′
)
= θ∗0 + 
−1
(
θ∗1(y) + ξ
′∂θ
∗
0
∂ξ
)
+O
(
−2
)
,
we obtain the value of ξ′ for which θ (ξ∗ + −1ξ′) = θ∗0 as
ξ′ = −ρ∗0Pe
(
y2
6
− y
4
12
)
− θˇ
∗
1
θ∗0ξ
.
Finally, the relative distance between the temperature reaching θ∗0 at y = 0 and reach-
ing the same value at y = 1 is given by
ξ′r =
ρ∗0Pe
12
, (2.59)
which gives a measure of the deformation to the flame due to the flow. The equivalent
of (2.59) in the constant density case is given by
ξ′r,const =
Pe
12
. (2.60)
Thus since ρ0 < 1, we have ξ
′
r < ξ
′
r,const from (2.59)-(2.60) and therefore the deforma-
tion to the flame shape is smaller in the variable density case. This means that the
effective propagation speed UT , which gives a measure of the burning rate of the flame,
is expected to be less in the variable density case. Note that in the Pe → 0 analysis
of Short and Kessler [22], the flame deformation was found to be larger in the variable
density case than the constant density case for values of Pe giving a propagation speed
U > 0, and smaller in the variable density case when U < 0. Since U = UT − 23Pe,
where UT = O (1) and  → ∞, the propagation speed U is always expected to be
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negative in our study and so the results (2.59)-(2.60) agree with those of Short and
Kessler [22].
An illustration of the numerically calculated flame shape for selected values of
the Peclet number in both the constant density and variable density cases is given in
figure 2.3, which shows that the deformation to the flame shape is indeed larger in the
variable density case, as found in (2.59)-(2.60).
The flame behaviour and its interaction with the flow is further illustrated in
figures 2.4 and 2.5, corresponding to numerical simulations. Figure 2.4(a) shows a
contour plot of the temperature θ; also shown is the velocity field induced by thermal
expansion, namely (u− Pe (1− y2) , v). This is plotted rather than the full velocity
field (u, v) for clarity since the imposed Poiseuille flow is large compared to the induced
flow, which is consistent with the asymptotic findings (see equation (2.31)). Figures
2.4(b) and 2.4(c) provide contour plots of the horizontal and vertical components of
the induced flow, respectively. It is seen that for a fixed value of x, the maximum of
the horizontal component of the induced flow is located at the centreline y = 0, and
the maximum of the vertical component is located around y = 0.5. Figures 2.5(c) and
2.5(d) plot these horizontal and vertical components at y = 0 and y = 0.5, respectively
for selected values of Pe. Corresponding plots of the temperature θ and the reaction
rate ω along the centreline y = 0 are shown in figures 2.5(a) and 2.5(b). Figure 2.5
illustrates the gas expansion through the flame. Furthermore the figure demonstrates
that the effective flame thickness increases with increasing Pe; this is in line with the
asymptotic results (see the asymptotic formula (2.42) and also the discussion in §2.6
related to equation (2.61)).
Returning now to the effect of the Peclet number on the propagation speed, com-
paring the asymptotic result (2.57), derived in the constant density approximation,
with (2.53), derived in the variable density case, provides a further reason for the
larger effect of Pe on UT in the constant density case. The constant density results
are the same as the variable density results, but with the term Pe (1− α) replaced by
Pe in the leading order term for the effective propagation speed1. This suggests that
replacing the Peclet number in the variable density case by a scaled Peclet number,
1Note that the constant density asymptotic results (2.54)-(2.56) are not recovered by simply setting
α = 0 in equations (2.39)-(2.41) due to the presence of α in the reaction term, which throughout this
study is set to α = 0.85 in both cases.
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Figure 2.6: Comparison of numerical results for the effective propagation speed UT
versus the scaled Peclet number Pescaled in the variable density and constant density
cases. Numerical simulations of the full system (2.2)-(2.10) are performed for the
parameter values Pr = 1, α = 0.85 and β = 10. Also included are numerical results of
the solutions to (2.54)-(2.56) and (2.39)-(2.41) for α = 0.85 and β = 30, to illustrate
that for higher values of β the lines of UT versus Pescaled in the constant density and
variable density cases collapse onto the theoretical asymptotic curve.
given by
Pescaled = Pe (1− α) ,
would lead to strong agreement between the variable density and constant density
numerical results.
A plot of the numerically calculated value of UT versus Pescaled in the constant
density and variable density cases is given in figure 2.6. As expected, the relationship
between UT and Pe in the two cases is much more similar than in figures 2.2(a) and
2.2(b), but there is still a quantitative difference. This can be attributed to the fact
that the finite activation energy has a more significant effect in the variable density
case than in the constant density case, as described above. It is therefore expected that
for larger values of β the agreement between the numerically calculated value of UT
and Pescaled would be closer between the two cases. To illustrate this, included in figure
2.6 is a comparison of UT versus Pescaled from the numerical solution to (2.54)-(2.56)
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and (2.39)-(2.41), valid as  → ∞, with β = 30. The figure shows that in this case
the values of UT in the constant and variable density cases are indeed closer together.
However, performing numerical calculations of the full system with a larger value of
β involves a significant amount of extra computation and is beyond the scope of this
study.
Finally, it should be noted that the asymptotic results found in this study agree
with results obtained previously in the limit Pe→ 0. Expanding the constant density
result (2.57) as Pe→ 0 gives
UT = 1 +
4
945
Pe2 +O
(
Pe3
)
,
which agrees with Daou et al. [16]. Expanding the variable density result (2.53) as
Pe→ 0 gives
UT = 1 +
4
945
Pe2 (1− α)2 +O (Pe3) .
This agrees with the results found by Short and Kessler [22], which found UT ∼ 1 to
leading order.
2.6 Conclusion
In this study we have investigated the propagation of a premixed flame through a
narrow channel against a flow of large amplitude, taking the effect of the flame on
the flow into account through the action of thermal expansion. This is the first study
to consider a variable density premixed flame in a narrow channel with Peclet num-
ber Pe = O(1), which characterises the large amplitude flow. It is also the first to
investigate Taylor dispersion in the context of combustion. The problem has been
studied analytically to determine the effective propagation speed UT for Pe = O(1),
in the limit →∞ with both finite and infinite values of the activation energy β. The
asymptotic studies are complemented by a numerical study whose results have been
compared to the analytical results to test their effectiveness.
It has been found that, in the limit  → ∞, a two-dimensional premixed flame
propagating through a rectangular channel against a Poiseuille flow can be described
by a boundary value problem that corresponds to a one-dimensional premixed flame
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with an effective diffusion coefficient, given by
Deff = DT
(
1 +
8
945
Pe2
)
,
in the constant density case and
Deff = DT
(
1 +
8
945
Pe2
ρ˜2
ρ˜2u
)
,
in the variable density case. These values correspond to those found in studies of
enhanced dispersion due to a Poiseuille flow in non-reactive fluids, known as Taylor
dispersion. A premixed flame propagating through a channel in the limit →∞, with
Pe = O(1) can therefore be considered to be in the Taylor regime.
Further, analytical solutions to the derived one-dimensional boundary value prob-
lems have been obtained in the limit β →∞ in both the constant density and variable
density cases. The asymptotic results have been found to show strong agreement with
the numerical results in both cases, as well as with results derived in previous studies
in the limit Pe → 0. Physical reasons for the differences between the constant and
variable density cases in the relationship of the propagation speed versus the Peclet
number have been discussed.
The analytical results (2.53) and (2.57) can provide some insight towards under-
standing the effect of small-scale eddies on the propagation of a turbulent premixed
flame, when the flow amplitude A in our study is identified with the turbulence in-
tensity and the channel height L is identified with the turbulent flow (integral) scale.
The situation where the flame is thick compared to the scale of the flow is described
by Damko¨hler’s second hypothesis, which may be stated in the form of a relationship
between the dimensional effective propagation speed and the effective thermal diffu-
sivity, given by U˜eff =
√
Deff /τ . Here τ is the chemical time related to the planar
premixed flame speed S0L (used in this study as unit speed to non-dimensionalise ve-
locities) by S0L =
√
DT /τ . Therefore on dividing these two equations, Damko¨hler’s
second hypothesis is recovered, to leading order, in equation (2.57), as can be seen by
noting that
UT ≡ U˜eff
S0L
=
√
1 +
8
945
Pe2 ≡
√
Deff
DT
. (2.61)
The results (2.53) and (2.57) may also be used to provide a possible explanation
of the so-called bending effect of the turbulent premixed flame speed when plotted
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in terms of the turbulence intensity for fixed values of the Reynolds number (see e.g.
[24, 57]). Therefore our distinguished limit, namely →∞ with Pe fixed (note that the
Reynolds number and Peclet number are equal if Pr = 1), mimics the experimental
conditions of Bradley [57] and can be used to shed some light on the experimental
findings. An initial discussion of the relevance of the asymptotic results in this chapter
to the bending effect, along with further asymptotic results, is provided in Chapter 3
of this thesis.
Finally, it has been shown that, in the limit  → ∞, β → ∞, the graphs of UT
in the constant and variable density cases are identical when plotted against a scaled
Peclet number
Pescaled = Pe (1− α) ,
and graphs of the numerically calculated propagation speed against this scaled Peclet
number have also been provided.
Chapter 3
The thick flame asymptotic limit
and the bending effect of premixed
flames
3.1 Introduction
In this chapter, which provides a continuation of the work undertaken in Chapter
2, we are again mainly concerned with premixed flame propagation against a steady
parallel flow of large amplitude, for fixed values of the Peclet number. The main
motivation in this chapter is to describe the relevance of the asymptotic results in the
thick flame asymptotic limit to the so-called bending effect of turbulent combustion,
as mentioned in the conclusion of Chapter 2. The bending effect is reported to be
observed experimentally when the effective flame speed UT is plotted in terms of the
flow intensity A, as seen in figure 3.1, adapted from [24]. As discussed in [76], this
is a fundamental problem in turbulent combustion which has received considerable
attention in the literature. Previous theoretical studies have predicted linear, sub-
linear, or exponential dependence of UT on A [24]. Experiments, on the other hand,
have shown that the effective flame speed increases with the flow intensity A at lower
values of A, but levels off at higher values of A [77], which is widely known as the
bending effect. The constant value to which UT seems to converge is found to depend
on the Reynolds number [77], which in our case is equivalent to the Peclet number since
we assume unity Prandtl number. Taking into account the complexity associated with
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the multi-scale nature of turbulence, it is of great interest to examine this relationship
for cases such as parallel or vortical flows, because of their relative simplicity.
In this chapter, we investigate the relationship between the effective propagation
speed of a laminar premixed flame and the amplitude of a prescribed Poiseuille flow.
The amplitude of the flow can be thought of as analagous to the turbulence intensity,
as plotted in figure 3.1. We are motivated by the asymptotic result (2.53), derived in
Chapter 2, which shows a constant dependence of the effective propagation speed on
the Peclet number in the thick flame asymptotic limit. Furthermore, to complement
the investigation other distinguished limits are considered to help understand the dis-
crepencies between theory and experiments. Finally, we will provide numerical results
to aid in this discussion.
The chapter is structured as follows. In §3.2 we perform an asymptotic analysis
in the infinite activation energy limit, to provide a complementary asymptotic result
to equation (2.53), derived in Chapter 2. In §3.3, we provide some further asymptotic
results in the constant density case, as well as numerical results for a full range of
values of the flow amplitude A and the Peclet number Pe. This section also contains a
discussion of the relevance of the results to the bending effect of turbulent combustion.
We end the chapter with conclusions in §3.4.
3.2 Infinite activation energy asymptotic analysis
The result (2.53) in Chapter 2 provided an asymptotic result for the effect of a
Poiseuille flow on the propagation speed of a variable density premixed flame. The
limits taken were  → ∞, followed by β → ∞, with Pe = O(1). In this chapter
we provide a complementary asymptotic analysis to the one performed in Chapter
2, this time in the limit β → ∞, followed by  → ∞, with Pe = O(1), in order to
assess the effect of taking the limits in this order. Note that, since the three main
non-dimensional parameters in the problem can be related to each other by
A = Pe, (3.1)
taking  → ∞ with Pe = O(1) is equivalent to taking A → ∞ with Pe = O(1). All
parameters have the same definitions as in Chapter 2. In this chapter, attention will
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Figure 3.1: Comparison between theoretical and experimental predictions of the tur-
bulent burning velocity ST /SL , or UT in our notation, as a function of turbulent
intensity u′ /SL , or A in our notation [24]. Theoretical studies (carried out in the
“thin-flame” limit) include: Bray [78] with zero heat release and large (density ratio =
7) heat release; Anand and Pope [79] with zero and infinite heat release; Yakhot [62];
Sivashinsky [80]; Gouldin [81] with ReL = 1,000; experimental values from Bradley
[57] for ReL = 1, 000. Where ReL is not specified, predictions are independent of ReL.
Here, ST is the turbulent flame speed, SL laminar flame speed, u
′ turbulent intensity
and ReL is the turbulent Reynolds number.
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be restricted to steady flame propagation with unity Lewis number
LeF = 1. (3.2)
In the limit of infinite activation energy, β → ∞, the reaction zone is confined to
a thin sheet, x = F (y), say. On either side of the thin sheet, the reaction rate can be
set to zero. We introduce the change of variables
ξ = x− F (y), η = y, f(η) = F (y). (3.3)
Then the steady form of the governing equations (2.2)-(2.6) can be written
∂
∂ξ
(ρ (U + u− f ′(η)v)) + ∂
∂η
(ρv) = 0, (3.4)
ρ (u+ U − f ′(η)v) ∂u
∂ξ
+ ρv
∂u
∂η
+
∂p
∂ξ
= Pr
(
∇2u+ 1
3
∂
∂ξ
∇ · u
)
, (3.5)
ρ (u+ U − f ′(η)v) ∂v
∂ξ
+ ρv
∂v
∂η
+
∂p
∂η
− f ′(η)∂p
∂ξ
=
Pr
(
∇2v + 1
3
(
∂
∂η
− f ′ (η) ∂
∂ξ
)
(∇ · u)
)
, (3.6)
ρ (u+ U − f ′(η)v) ∂θ
∂ξ
+ ρv
∂θ
∂η
= ∇2θ, (3.7)
ρ =
(
1 +
α
1− αθ
)−1
, (3.8)
where
∇2u = (1 + f ′(η)2) ∂2u
∂ξ2
+
∂2u
∂η2
− 2f ′(η) ∂
2u
∂η∂ξ
− f ′′(η)∂u
∂ξ
,
and
∇ · u = ∂u
∂ξ
+
∂v
∂η
− f ′ (η) ∂v
∂ξ
.
These equations are subject to boundary conditions, which using (3.3) in (2.7)-(2.10)
are given by
∂θ
∂η
= f ′ (η) =
∂u
∂η
= v =
∂p
∂η
= 0 at η = 0, (3.9)
∂θ
∂η
= f ′ (η) = u = v = 0 at η = 1, (3.10)
θ = 0, u = A
(
1− η2) = Pe (1− η2) , v = 0 at ξ = −∞, (3.11)
∂θ
∂ξ
=
∂u
∂ξ
=
∂v
∂ξ
= p = 0 at ξ = +∞. (3.12)
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Equations (3.4)-(3.8) are also subject to jump conditions across the flame sheet,
which is located at ξ = 0. The derivation of these jump conditions is not given here,
but can be found in e.g. [14], where the full set of conditions are listed; here we simply
give the conditions used in the following asymptotic analysis:
θ = 1, θξ = 
−1 (1 + f ′ (η)2)−1/2 , at ξ = 0. (3.13)
3.2.1 Solution in the limit →∞, with Pe = O(1)
In this section we provide the leading order asymptotic solution to (3.4)-(3.13) in the
limit  → ∞, with Pe = O(1). Note that this limit is equivalent to A → ∞, with
Pe = O(1), due to (3.1). A similar asymptotic analysis was performed in [76] in the
constant density approximation. Using a similar method to the one used in §2.3 in
Chapter 2, we introduce a scaled coordinate
ξ′ =
ξ

, (3.14)
and expand each variable in powers of −1, so that
U = −2
3
Pe+ U0 + 
−1U1 + ..., f = F0 + −1F1 + ...
u = u0 + u1 + ... v = v0 + 
−1v1 + ...
θ = θ0 + 
−1θ1 + ... p = 3p0 + 2p1 + ...
 (3.15)
where U0 is the leading order term for the effective propagation speed UT , defined in
(2.13).
Inserting the scaling (3.14) into (3.4)-(3.13) and dropping the prime notation, we
find that the leading order solutions are the same as those found in §2.3 of Chapter 2,
and are given by
u0 = Pe
(
1− η2) , (3.16)
p0 = p0(ξ), θ0 = θ0(ξ), ρ0 = ρ0(ξ). (3.17)
Then to O () in equation (3.7) we have
ρ0Pe
(
u0 − 2
3
Pe
)
∂θ0
∂ξ
=
∂2θ1
∂η2
− F ′′0 (η)
∂θ0
∂ξ
, (3.18)
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which can be integrated twice with respect to η, using the boundary conditions (3.9)-
(3.10) on θ0 and F0, and substituting in (3.16), to give(
ρ0Pe
(
η2
6
− η
4
12
)
+ F0(η)
)
∂θ0
∂ξ
= θ1 + θ¯1 (ξ) , (3.19)
where θ¯1 is an arbitrary function of integration. Now, using the conditions (3.11) and
(3.13) on θ and setting F (0) = 0, a condition which can be prescribed due to the
translational invariance of the problem, we obtain
F0(η) = −ρ0(0)Pe
(
η2
6
− η
4
12
)
= − (1− α)Pe
(
η2
6
− η
4
12
)
. (3.20)
The total burning rate is proportional to the flame surface area [70] by the relation
UT =
∫ 1
0
√
1 + F 20η dη, (3.21)
a relationship which can be derived by integrating the steady form of equation (2.4)
up to the reaction sheet and utilising the continuity equation (2.2) with the boundary
conditions (2.7)-(2.10). Thus we can find the first approximation U0 to the effective
flame speed UT , which using (3.20) and (3.21) is given by
U0 =
∫ 1
0
√
1 +
(
Pe (1− α)
3
(1− η2) η
)2
dη. (3.22)
This result provides a complementary asymptotic expression to equation (2.53) in
Chapter 2. Note that equation (2.53) in Chapter 2 is expected to be valid for  β,
while equation (3.22) is expected to be valid for β  . It can be seen that both
expressions predict a constant dependence of the effective propagation speed UT on the
Peclet number in the thick flame asymptotic limit. A comparison of the two expressions
is given in figure 3.2, where it can be seen that there is good agreement between the
two results for low and moderate values of the Peclet number (approximately Pe < 10
in the constant density case and Pe < 50 in the variable density case). For high values
of Pe, the results start to diverge, although this divergence is more marked in the
constant density case than the variable density case. The relevance of the results to
the bending effect will be discussed in the following section.
3.3 Further results and discussion
In this section we present the results of the asymptotic analysis of §3.2 and compare
with the results of numerical simulations of the full system of governing equations,
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Figure 3.2: Comparison of asymptotic results in the limit Pe = O(1),  → ∞ and
β → ∞. Included are results for  → ∞ followed by β → ∞, or   β, given by
(2.53), and β → ∞ followed by  → ∞, or β  , given by (3.22), for a) α = 0
(constant density) and b) α = 0.85 (variable density).
given by the steady form of (2.2)-(2.10), with LeF = 1. We also compare with some
further asymptotic results that are available in the constant density case. All asymp-
totic results in this section have been obtained by first taking the infinite activation
energy limit β →∞. The aim in this section is to provide a discussion of the relevance
of these asymptotic and numerical results to the bending effect of premixed flames.
Note that throughout this section the numerical method used is the same as the one
described in Chapter 2. Numerical results in the constant density case are obtained
by solving (2.4) with u = Pe (1− y2), v = 0, ρ = 1 and the reaction term replaced by
−1ω, as described in Chapter 2. Finally, note that the effect of thermal expansion is
investigated by varying the thermal expansion coefficient α, while taking the reaction
term ω to be given by
ω =
β2
2
ρyF exp
(
β (θ − 1)
1 + αh (θ − 1)
)
, (3.23)
with αh given the fixed value αh = 0.85, as is done in [1].
3.3.1 Constant density results
In this section we provide asymptotic and numerical results in the constant density
case. The asymptotic result (3.22) obtained in §3.2.1 in the limit A → ∞, with
Pe = O(1), can be written in the constant density case simply by setting α = 0, so
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Figure 3.3: Effective propagation speed UT versus prescribed flow amplitude A for
selected values of the Peclet number Pe. Included are the asymptotic results (3.24)
and (3.25). Equation (3.24) is derived in the limit A → ∞, Pe = O(1) and equation
(3.25) is derived in the separate limits a) A → 0, Pe = O(1) and b) A = O(1),
Pe→∞. The numerical results are for the constant density case α = 0, with β = 10
and αh = 0.85.
that the leading order term for the effective propagation speed is given by
U0 =
∫ 1
0
√
1 +
(
Pe
3
(1− η2) η
)2
dη. (3.24)
Further asymptotic results are available in the constant density case, in the separate
limits a) A → 0, with Pe = O(1) and b) A = O(1), with Pe → ∞. Note that these
limits both correspond to the thin flame limit  → 0. In both of these limits, the
propagation speed UT can be written asymptotically as
UT = 1 +
2
3
A− 2KPe−2/3A4/3 + ..., (3.25)
where with K ≈ 1.02. A derivation of (3.25) in the limit A = O(1), with Pe → ∞
can be found in [70]. The derivation of (3.25) in the limit A → 0, with Pe = O(1) is
slightly different and can be found in Appendix B. Equation (3.25) predicts a linear
dependence of UT on A when  = A /Pe is small, which is in agreement with several
of the theoretical studies shown in figure 3.1.
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Figure 3.4: Effective propagation speed UT versus  for a premixed flame in a channel
with no prescribed inflow (A = 0). For small values of , U > 1 due to frictional effects
from the no-slip walls. For each value of α, the propagation speed U is scaled by the
corresponding numerically calculated planar flame speed. The dashed line denotes the
planar flame propagation speed found in the constant density case, α = 0, and in the
case of “free-slip” sidewalls with uy = 0. For all simulations we take Pr = 1, β = 10
and αh = 0.85.
We now have a fairly complete asymptotic picture of the problem. The asymptotic
results (3.24) and (3.25) are shown in figure 3.3, where they are compared with and
complemented by numerical results in the constant density case, obtained for a full
range of values of Pe and A. It is clear that in all cases the numerically calculated
propagation speed approaches a constant value, which depends on the Peclet number,
as the flow amplitude A increases to large values; this is in line with the the asymptotic
results (3.24) and shows a similar behaviour to the available experimental results
summarised in figure 3.1. It can also be seen in figure 3.3 that there is a maximum
in the curve of UT versus A, which occurs at a higher value of A as Pe increases, as
predicted by the asymptotic results (3.25). Finally, it can be seen that the numerical
results for small values of A agree very well with the formula (3.25), as is to expected.
3.3.2 Variable density results
In this section we investigate the effect of thermal expansion on premixed flames
propagating against a prescribed parallel inflow. We begin with a discussion of the
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Figure 3.5: Flame shape, defined by the line θ = 0.5, for a premixed flame in a
channel with no prescribed inflow (A = 0), for several values of the thermal expansion
coefficient α. The dashed line denotes the planar flame found in the constant density
case, α = 0, and in the case of “free-slip” sidewalls. For all simulations we take Pr = 1,
β = 10 and αh = 0.85.
behaviour of a premixed flame in a channel subject to thermal expansion when no flow
is prescribed (i.e. the case A = 0).
If no flow is prescribed in the constant density case, the flame is planar and prop-
agates at the laminar flame speed, so that UT = 1. However, this is not the case when
thermal expansion is present. As can be seen in figure 3.4, the propagation speed of
variable density flames is larger than the laminar flame speed if  is small enough, even
though no flow is prescribed at x = −∞ in these calculations. For larger values of α,
the propagation speed is increased by a larger amount.
The increase in the propagation speed as → 0 is due to the flame being necessarily
curved. This is attributable to the effect of the no-slip sidewalls. Thermal expansion
across the flame causes a shear (Poiseuille) flow to be induced downstream, and the
flame becomes curved (or “tulip” shaped), as can be seen in figure 3.5. Figures 3.4 and
3.5 also show results for a flame with α = 0.85, but uy=0 at the sidewalls (instead of
the no-slip condition). As can be seen, in this case the flame is planar and propagates
at the laminar flame speed, which shows that the no-slip sidewalls are the cause of the
increase in propagation speed due to thermal expansion as → 0. A similar effect was
found in [82] and is numerically studied in detail in [83].
At this point it should be noted that various transient behaviours of premixed
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Figure 3.6: Comparison of numerical results in a) constant density case α = 0 and b)
variable density case α = 0.85. The effective propagation speed UT is scaled in each
case by the numerical value of the planar premixed flame with no prescribed inflow
(A = 0) and “free-slip” sidewalls. Also included are asymptotic results in the limit
A→∞, Pe = O(1), from equation (3.22). For all simulations we take Pr = 1, β = 10
and αh = 0.85.
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flames in closed channels that arise as a result of the frictional effects of sidewalls,
combined with other effects of thermal expansion such as the Darrieus–Landau insta-
bility, have been investigated in the literature (for a review, see e.g. [9]). However,
in the infinitely long channel configuration studied here, it is sufficient to note that
steady solutions exist and that the steady solutions calculated here are all found to be
stable to small perturbations.
Now, we plot in figure 3.6 the effective propagation speed UT versus the prescribed
inflow amplitude A for selected values of the Peclet number Pe in both the constant
and variable density cases. As expected, it can be seen that as A→ 0, the propagation
speed in the constant density case approaches UT = 1 and the propagation speed in
the variable density case approaches a value UT > 1. It can also be seen that the
prescribed inflow has a larger effect on the propagation speed in the constant density
case than in the variable density case. Thus for the same value of the Peclet number,
the propagation speed in the constant density case is larger than the propagation
speed in the variable density case, if A is large enough. This is to be expected as the
asymptotic results (3.22), valid in the limit A→∞, show this behaviour. The results
(3.22) are included in figure 3.6.
To summarise, despite the effect of wall friction and the lessened effect of a pre-
scribed parallel flow on a variable density premixed flame, the qualitative shape of
the curve of UT versus A remains the same in the constant and variable density cases.
This shows that in a laminar flame at least, the bending effect cannot be attributed
to the effects of thermal expansion.
3.4 Conclusion
In this chapter we have discussed the relevance of asymptotic results obtained in
the thick flame asymptotic limit to the bending effect of turbulent combustion. The
asymptotic result (2.53), obtained in Chapter 2 in the limit →∞ followed by β →∞,
with Pe = O(1), has been compared to the further asymptotic result (3.22), which
has been derived in the limit β → ∞ followed by  → ∞, with Pe = O(1). It has
been found that the results agree for moderately small values of the Peclet number,
with closer agreement in the variable density case than in the constant density case.
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Numerical results have been provided, showing that as the prescribed inflow amplitude
A increases to large values, the effective propagation speed UT approaches a constant
value, which depends on the Peclet number. This result is in line with both the
asymptotic results (2.53) and (3.22) and with the available experimental results on
turbulent combustion, summarised in figure 3.1. We have therefore shown that for
laminar flames in the context of a parallel flow, premixed flames in the thick flame
asymptotic limit mimic the behaviour of turbulent premixed flames in the relationship
between the effective propagation speed and the flow intensity A, which is analagous
to the turbulence intensity.
We have also provided some asymptotic results for small values of A in the constant
density case, given by equation (3.25), in order to provide a full asymptotic picture of
the relationship between the effective propagation speed and A. These results show
that for small values of A, the relationship between UT and A is linear. Finally, we
have investigated the effect of thermal expansion on the problem; it has been found
that in the limit A → 0, variable density premixed flames in channels propagate at
a speed larger than the laminar flame speed, due to the fact that the flame curves
as a result of the effect of wall friction. Despite this difference between constant and
variable density premixed flames, it has been found that for variable density premixed
flames the effective propagation speed still approaches a constant value which depends
on the Peclet number for large values of A, which again mimics the behaviour of the
turbulent premixed flames shown in figure 3.1.
Chapter 4
Rayleigh–Be´nard Instability
Generated by a Diffusion Flame
4.1 Introduction
The presence of flames in chemically reacting systems, whether premixed or non-
premixed, naturally generates temperature gradients. Such systems are therefore prone
to buoyancy-driven instabilities which have a paradigm in Rayleigh–Be´nard convec-
tion. In this chapter, which is based on a paper by Pearce and Daou [2], we revisit the
Rayleigh–Be´nard problem in the specific context of a diffusion or non-premixed flame,
a fundamental problem which seems to have received no attention in the literature.
The aim of the work is to complement the available knowledge on flame stability by
determining the critical conditions which define the threshold of instability of a planar
diffusion flame under gravitational effects.
The Rayleigh–Be´nard problem itself has been important in work on the stability of
physical systems since the early studies at the beginning of the 20th century by Be´nard
[84] and Rayleigh [85] on the natural convection of a fluid layer heated from below.
The temperature gradient in the system causes the fluid at the bottom of the layer
to be lighter than the fluid at the top, an arrangement which becomes unstable if the
temperature gradient is strong enough. The instability is opposed by the viscous forces
of the fluid. It was in Lord Rayleigh’s seminal paper that it was first demonstrated
that a non-dimensional parameter which later became known as the Rayleigh number
must exceed a critical value in order for the aforementioned instability to manifest
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itself. This parameter was defined in terms of the gravitational acceleration g, the
height of the fluid layer L, the temperature gradient βˆ and the coefficients of thermal
expansion αˆ, thermal diffusivity κ and kinematic viscosity ν as
Ra =
gαˆβˆL4
κν
.
If the Rayleigh number exceeds its critical value, which may be denoted Rac, the
resulting instability resolves itself into a steady state of ’convection rolls’, observed
by Be´nard in his original experiments as a regular structure of hexagonal cells. The
problem of determining the critical Rayleigh number and characterising the resulting
instabilities has been studied experimentally, numerically and analytically in a huge
amount of research, which we do not review here. For a complete overview of the
canonical problem see Chandrasekhar [86, pp. 1–75] and literature reviews by Getling
[87, pp.1–26] and Bodenschatz et al. [88]; more recent reviews concerning turbulence
in Rayleigh–Be´nard convection have been performed by Ahlers et al. [89] and Lohse
and Xia [90].
The stability of steady states has also formed a crucial aspect of the study of both
premixed and non-premixed flames. A thorough review of recent literature concerning
flame instabilities has been performed by Matalon [91]. A further review concentrat-
ing on instabilities in premixed flames can be found in [92]; here we concentrate on
instabilities in non-premixed combustion.
There have been a large number of studies on the diffusive-thermal instability of
planar diffusion flames. Early studies focused on oscillatory instabilities of diffusion
flames for fuel and oxidiser Lewis numbers greater than 1 [93–95] before further studies
including cellular instabilities for values of the Lewis number below 1 [96–102]. The
common factor in these studies is the use of the constant density approximation which
simplifies the study of combustion phenomena by separating the hydrodynamics from
the equations for temperature and mass fractions. Recently this approximation was
dispensed with by Matalon and Metzener [103] to investigate the effect of thermal
expansion on the stability of diffusion flames, again using the planar diffusion flame as
the unperturbed state. It was found that, although thermal expansion does not play
as crucial a role as it does for premixed flames, it influences the regions of parameter
space for which the diffusive-thermal instability occurs.
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A key point in the stability analyses previously performed on the planar diffusion
flame in the absence of gravity is that of the unconditional stability of the Burke–
Schumann diffusion flame, which arises in the limit of infinite reaction rate. Our
study is motivated by the idea that the mechanism for the Rayleigh–Be´nard instability
described above could be expected to have a similar effect on a layer of fluid heated
from below by a horizontal diffusion flame if buoyancy is taken into account, leading to
instabilities of a system previously considered unconditionally stable. There seems to
our knowledge to be very little work addressing the effect of gravity on planar diffusion
flames in the literature. Stability studies that have taken gravity into account have
been focused on the flickering motion of diffusion flames [104–106], diffusion flames
over a solid fuel [107] or triple flames aligned with the gravity vector [40].
In the present study we consider the stability of a horizontal planar diffusion flame
in an infinitely long channel of given height under the effects of gravity. The main
aim is to find the critical conditions for instability in the form of the critical value
of a suitably defined Rayleigh number which defines the threshold of instability. An
investigation into the instabilities in this problem will provide a crucial step towards
a full understanding of the interaction between diffusion flames and hydrodynamics.
This will also provide a basis for investigating the combined effect of thermal expansion
and gravity on the propagation of triple flames, which leave a trailing diffusion flame
behind them.
We formulate the problem in the low Mach number approximation, as derived in
Chapter 1. Further, in order to treat the problem analytically as far as possible we
employ the Boussinesq approximation commonly used to study non-reactive Rayleigh–
Be´nard convection, which was derived by Boussinesq [108]. A rigorous derivation
of this model from the general equations of combustion theory has been performed
by Matkowsky and Sivashinsky [4]. The results of a linear stability analysis in this
formulation will be compared to a numerical treatment of the non-Boussinesq equations
in order to test the effect of compressibility on the system.
The chapter is structured as follows. We begin in §4.2 by providing the governing
equations, which we then non-dimensionalise and simplify in the Boussinesq approx-
imation. We proceed in §4.3 with an asymptotic analysis in the Burke–Schumann
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Fuel side
Oxidiser side
Diffusion Flame
Figure 4.1: An illustration of a planar diffusion flame in a channel of height L with
the fuel provided at the upper wall where YˆF = YˆFu, YˆO = 0 and the oxidiser provided
at the lower wall where YˆF = 0, YˆO = YˆOu. Both walls are assumed to be rigid and to
have equal temperatures Tˆ = Tˆu.
limit of infinite Damko¨hler number, followed by a linear stability analysis in §4.4 us-
ing the planar Burke–Schumann flame as the base state. In §4.5 we solve the linear
stability problem for the growth rate eigenvalue numerically and analytically as far
as possible to investigate the Rayleigh number at which the planar Burke–Schumann
flame becomes unstable. In §4.6 we present the results of the linear stability analysis,
including how the critical Rayleigh number depends on the position of the flame in
the channel. Finally, we compare these results in §4.7 with a full numerical treatment
to investigate the accuracy of the Boussinesq approximation and the effects of com-
pressibility upon the stability of the system, followed by a short investigation of the
effect of finite chemistry. The chapter is closed with a discussion of the main findings
and recommendations for future related studies.
4.2 Formulation
We investigate the problem of the stability of a planar diffusion flame in an infinitely
long channel of height L. The channel walls are assumed to be porous with the fuel
being provided at the upper wall and the oxidiser provided at the lower wall (see figure
4.1); for simplicity, the temperatures of the walls are assumed to be equal. Although
this setup may be difficult to achieve experimentally, it is adopted here as a simple
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theoretical model to aid understanding of the effect of gravity on the planar diffusion
flame. A similar setup has been used in several previous theoretical investigations (see
e.g. [43, 109, 110]). Since we are taking the effects of density changes and gravity into
account, the governing equations will consist of the Navier–Stokes equations, coupled
to equations for temperature and mass fractions of fuel and oxidiser. The combustion
is modelled as a single irreversible one-step reaction of the form
F + sO→ (1 + s)Products + q,
where F denotes the fuel and O the oxidiser. The quantity s denotes the mass of
oxidiser consumed and q the heat released, both per unit mass of fuel.
The overall reaction rate ωˆ is taken to follow an Arrhenius law of the form
ωˆ = ρˆBYˆF YˆO exp
(
−E
/
RTˆ
)
.
Here ρˆ, YˆF , YˆO, R, Tˆ , B and E are the density, the fuel mass fraction, the oxidiser
mass fraction, the universal gas constant, the temperature, the pre-exponential factor
and the activation energy of the reaction, respectively.
4.2.1 Governing Equations and Boundary Conditions
In the low Mach number approximation, the governing equations are
∂ρˆ
∂tˆ
+∇ · (ρˆuˆ) = 0, (4.1)
ρˆ
∂uˆ
∂tˆ
+ ρˆuˆ · ∇uˆ +∇pˆ = µ
(
∇2uˆ + 1
3
∇ (∇ · uˆ)
)
+ ρˆgˆ, (4.2)
ρˆ
∂Tˆ
∂tˆ
+ ρˆuˆ · ∇Tˆ = ρˆDT∇2Tˆ + q
cP
ωˆ, (4.3)
ρˆ
∂YˆF
∂tˆ
+ ρˆuˆ · ∇YˆF = ρˆDF∇2YˆF − ωˆ, (4.4)
ρˆ
∂YˆO
∂tˆ
+ ρˆuˆ · ∇YˆO = ρˆDO∇2YˆO − sωˆ, (4.5)
ρˆTˆ = ρˆuTˆu, (4.6)
where the ˆ notation denotes dimensional terms and DT , DF , and DO denote the
diffusion coefficients of heat, fuel and oxidiser respectively. Here ρˆDT , ρˆDF and ρˆDO
are all assumed constant, as are the specific heat capacity cP , thermal conductivity λ
and dynamic viscosity µ.
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As shown in figure 4.1 the walls are assumed to be rigid, porous and at the same
temperature, giving the boundary conditions
Tˆ = Tˆu, YˆF = 0, YˆO = YˆOu, uˆ = vˆ = 0, at yˆ = 0, (4.7)
Tˆ = Tˆu, YˆF = YˆFu, YˆO = 0, uˆ = vˆ = 0, at yˆ = L. (4.8)
Before continuing we note that equations (4.3)-(4.5) have a steady, one dimensional
solution with no flow which, for large activation energy E, as typically encountered in
combustion, is very close to the frozen solution (with zero reaction rate ωˆ) given by
Tˆ = Tˆu, (4.9)
YˆF = YˆFu
yˆ
L
, (4.10)
YˆO = YˆOu
(
1− yˆ
L
)
. (4.11)
Equations (4.9)-(4.11) determine the location of the stoichiometric surface yˆ = yˆst,
where YˆO = sYˆF , and the values of the mass fractions there in the absence of combus-
tion as
yˆst
L
=
1
1 + S
YˆF,st =
YˆFu
1 + S
, YˆO,st =
SYˆOu
1 + S
, (4.12)
where S ≡ sYˆFu/YˆOu is a normalised stoichiometric coefficient.
We now introduce the non-dimensional variables
x =
xˆ
L
, y =
yˆ
L
, u =
uˆ
DT /L
, v =
vˆ
DT /L
,
t =
tˆ
L2 /DT
, θ =
Tˆ − Tˆu
Tˆad − Tˆu
, yF =
YˆF
YˆF,st
,
yO =
YˆO
YˆO,st
, p =
pˆ
pˆ0
;
note that p is the hydrodynamic pressure with reference unit pˆ0=(DT /L)
2 ρˆu. Here the
reference length L is the height of the channel. Tˆad is the adiabatic flame temperature
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given by Tˆad = Tˆu + qYˆF,st /cP . The non-dimensional governing equations are then
∂ρ
∂t
+∇ · (ρu) = 0, (4.13)
ρ
∂u
∂t
+ ρu · ∇u +∇P ∗ = Pr∇2u + PrRa
α
(ρ− 1) g|g| , (4.14)
ρ
∂θ
∂t
+ ρu · ∇θ = ∇2θ +Daω, (4.15)
ρ
∂yF
∂t
+ ρu · ∇yF = 1
LeF
∇2yF −Daω, (4.16)
ρ
∂yO
∂t
+ ρu · ∇yO = 1
LeO
∇2yO −Daω, (4.17)
where α is the thermal expansion coefficient α =
(
Tˆad − Tˆu
)/
Tˆad . Note that P
∗ is a
modified pressure given by P ∗ = p− Pr
3
(∇ · u). The non-dimensional parameters are
Ra =
g
(
Tˆad − Tˆu
)
L3
νTˆadDT
, Da =
4L2
β3DT
LeFLeOBYˆO,st exp
(
−E
/
RTˆad
)
,
P r =
µcP
λ
, LeF =
DT
DF
, LeO =
DT
DO
,
which are the Rayleigh number, the Damko¨hler number, the Prandtl number and
the fuel and oxidiser Lewis numbers, respectively. Here, ν is the kinematic viscosity
ν = µ /ρˆu and β is the Zeldovich number or non-dimensional activation energy defined
as β = E
(
Tˆad − Tˆu
)/
RTˆ 2ad . It is worth mentioning that we have defined the Rayleigh
number to be of the form Ra = g∆TL3 /νTrDT , where ∆T measures the temperature
difference and Tr is a reference temperature taken here to be Tˆad. This form has been
adopted previously in the literature, for example by Fro¨hlich et al. [111], where the
reference temperature was taken to be an average value.
The non dimensional reaction rate is given by
ω =
β3
4LeFLeO
ρyFyO exp
(
β(θ − 1)
1 + α(θ − 1)
)
(4.18)
and the ideal gas equation (4.6) takes the non-dimensional form
ρ =
(
1 +
α
1− αθ
)−1
. (4.19)
Finally, (4.7)-(4.8) and (4.12) imply that the boundary conditions are
θ = 0, yF = 0, yO =
S + 1
S
, u = v = 0, at y = 0, (4.20)
θ = 0, yF = 1 + S, yO = 0, u = v = 0, at y = 1. (4.21)
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The non-dimensional problem is now fully formulated and is given by equations (4.13)-
(4.19) with boundary conditions (4.20) and (4.21). The non-dimensional parameters
in this problem are α, β, Pr, Ra, Da, S, LeF and LeO.
4.2.2 Mixture fraction formulation
Formulation
We can simplify the problem by making the assumption of unity Lewis numbers,
LeF = LeO = 1. (4.22)
In this case we note that, from equations (4.15)-(4.17) and the boundary conditions
(4.20)-(4.21), the quantity
Φ = yF + SyO + (S + 1) (θ − 1) (4.23)
satisfies the equation
ρ
∂Φ
∂t
+ ρu · ∇Φ = ∇2Φ, (4.24)
subject to the boundary conditions
Φ = 0 at y = 0 and y = 1. (4.25)
Clearly Φ = 0 is a stationary solution of (4.24)-(4.25). This will be the only solution
we retain, in view of the focus of our linear stability analysis on the base state with
no flow and Φ = 0. A justification for retaining only this solution is presented below.
For solutions that are periodic in x of period L, define the L2 scalar product
〈Φ,Ψ〉 =
L∫
x=0
1∫
y=0
ΦΨ dx dy,
with ||Φ||2 = 〈Φ,Φ〉. Then equation (4.24) leads to〈
ρ
∂Φ
∂t
,Φ
〉
+ 〈ρu · ∇Φ,Φ〉 = 〈∇2Φ,Φ〉 .
Using integration by parts and equation (4.13), this can be written
1
2
d
dt
〈ρΦ,Φ〉 = − (||Φx||2 + ||Φy||2) ,
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or, using the Poincare´ inequality and the fact that 0 < ρ ≤ 1,
1
2
d
dt
〈ρΦ,Φ〉 ≤ −c2||Φ||2 ≤ −c2 〈ρΦ,Φ〉 ,
for some constant c. Hence,
〈ρΦ,Φ〉 ≤ Φ0e−2c2t,
where Φ0 = 〈ρΦ,Φ〉 (t = 0). We therefore conclude that
lim
t→∞
Φ = 0,
which justifies retaining only the stationary solution Φ = 0.
It follows on using (4.23) that
yF + SyO + (S + 1) θ = S + 1. (4.26)
We now observe, by adding equations (4.15) and (4.16), that the quantity yF + θ
satisfies the equation
ρ
∂ (yF + θ)
∂t
+ ρu · ∇ (yF + θ) = ∇2 (yF + θ) , (4.27)
subject to the boundary conditions
yF + θ = 0 at y = 0, (4.28)
yF + θ = 1 + S at y = 1. (4.29)
This suggests defining the mixture fraction Z by
yF + θ = (1 + S)Z, (4.30)
which implies that
yO + θ =
S + 1
S
(1− Z) . (4.31)
The governing equations (4.13)-(4.17) then become
∂ρ
∂t
+∇ · (ρu) = 0, (4.32)
ρ
∂u
∂t
+ ρu · ∇u +∇P ∗ = Pr∇2u + PrRa
α
(ρ− 1) g|g| , (4.33)
ρ
∂θ
∂t
+ ρu · ∇θ = ∇2θ +Daω, (4.34)
ρ
∂Z
∂t
+ ρu · ∇Z = ∇2Z, (4.35)
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where
ω =
β3
4
ρ ((1 + S)Z − θ)
(
1 + S
S
(1− Z)− θ
)
exp
(
β (θ − 1)
1 + α (θ − 1)
)
, (4.36)
and ρ is given by equation (4.19). These equations are subject to the boundary
conditions
θ = 0, Z = 0, u = v = 0, at y = 0, (4.37)
θ = 0, Z = 1, u = v = 0, at y = 1. (4.38)
Stationary planar diffusion flame
The problem defined by (4.32)-(4.38) admits a stationary planar solution with no flow
given by Z = y. The temperature can then be determined, using (4.34), by the
numerical solution to the equation
d2θ
dy2
+Da
β3
4
(
1 +
α
1− αθ
)−1
((1 + S) y − θ)
(
1 + S
S
(1− y)− θ
)
exp
(
β (θ − 1)
1 + α (θ − 1)
)
= 0, (4.39)
with
θ = 0 at y = 0, (4.40)
θ = 0 at y = 1. (4.41)
Note that the Rayleigh number merely affects the pressure (as dictated by equation
(4.33)) in the one-dimensional stationary system and does not affect the solution for
temperature.
We now let β, α and S take typical values of 10, 0.85 and 1 respectively and solve
equation (4.39) with conditions (4.40) and (4.41) for selected values of the Damko¨hler
number Da. We use the boundary value problem solver BVP4C, a finite difference code
that implements the three-stage Lobatto IIIa formula in Matlab [75]. We then plot
the maximum temperature of the solution against Da. Figure 4.2 shows the S-shaped
curve that is generated; this is a classical curve characterising diffusion flames and has
been comprehensively studied in the context of the constant density approximation
[112]. The upper and lower branches are known as the strongly burning and weakly
burning branches respectively, and both have been shown to be stable in the context
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Figure 4.2: S-shaped curve generated by plotting the maximum temperature of the
planar diffusion flame against the Damko¨hler number with labelled extinction (E) and
ignition (I) points.
of constant density diffusion flames, while the middle branch has been shown to be
unstable [113].
Notable in figure 4.2 is the presence of an extinction and an ignition value of the
Damko¨hler number represented by points E and I respectively; for values of Da below
the extinction value the strongly burning solution cannot exist and for Da above the
ignition value there is no weakly burning solution.
We are interested in instabilities caused by the effect of the hydrodynamics on the
upper branch of the S-shaped curve, in particular in the Burke–Schumann limit of
infinite Damko¨hler number. In §4.7, we will numerically solve the governing equations
in the mixture fraction formulation to investigate these instabilities; however, in order
to treat the problem analytically as far as possible we now proceed with a reformulation
of the problem in the Boussinesq approximation.
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4.2.3 Boussinesq approximation
For a detailed derivation of the governing equations of combustion theory in the Boussi-
nesq approximation in the context of a premixed flame see [114]. Here we use a similar
approach and assume that the thermal expansion parameter α is small. Thus we ex-
pand equation (4.19) as α→ 0 to obtain
ρ = 1− αθ +O (α2) .
Using this result, and expanding all variables in successive powers of α in equations
(4.32)-(4.38), yields to leading order
∇ · u = 0, (4.42)
∂u
∂t
+ u · ∇u +∇p = Pr∇2u− PrRaθ g|g| , (4.43)
∂θ
∂t
+ u · ∇θ = ∇2θ +Daβ
3
4
((1 + S)Z − θ)
(
1 + S
S
(1− Z)− θ
)
exp (β (θ − 1)),
(4.44)
∂Z
∂t
+ u · ∇Z = ∇2Z, (4.45)
which are subject to the boundary conditions (4.37)-(4.38).
We have thus reduced the number of equations in the unity Lewis number case so
that the problem is now given by equations (4.42)-(4.45) with boundary conditions
(4.37)-(4.38). We proceed with an asymptotic analysis of the problem in the infinitely
fast chemistry limit Da→∞, which will reduce the problem to a form comparable to
the classic non-reactive case studied in [86] and others.
4.3 Asymptotic analysis
We now study the problem of the Burke–Schumann diffusion flame, which arises in
the limit of infinite Damko¨hler number. In this case yFyO = 0 throughout the domain
to prevent an unbounded reaction rate, except at an (infinitely thin) reaction sheet
located at y = yst (t, x), say, where the temperature is equal to its adiabatic value.
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Hence, using (4.30)-(4.31),
yF = (1 + S)Z − θ = 0, y < yst, (4.46)
yO =
1 + S
S
(1− Z)− θ = 0, y > yst, (4.47)
lim
y→y±st
θ = 1. (4.48)
Thus the domain is split into two parts: the region above the reaction sheet and the
region below it, with
Z =
1
S + 1
θ, y < yst, (4.49)
Z = 1− S
S + 1
θ, y > yst. (4.50)
Note that (4.48) and (4.49)-(4.50) imply that
lim
y→y±st
Z =
1
S + 1
= Zst, (4.51)
which defines the stoichiometric mixture fraction Zst.
We expand all variables outside the thin reaction zone, as Da → ∞, in terms of
the thickness of the reaction zone δ, where
δ ∼ Da−1/3  1.
This scaling follows from a reactive-diffusive balance in the reaction sheet. Indeed,
writing yF ∼ δy′F , yO ∼ δy′O and θ ∼ 1 + δθ′ with n = δn′ inside the reaction sheet
gives, from the leading order of equation (4.15),
∂2θ′
∂n′2
= Daδ3ω′,
where ω′ = O(1). Thus, since the diffusion term and the reaction term (which are given
by the left hand side and the right hand side of the equation above, respectively) must
balance, we have the required scaling. We therefore write the outer expansions as
u = u0 +
u1
Da1/3
+ ..., p = p0 +
p1
Da1/3
+ ...,
θ = θ0 +
θ1
Da1/3
+ ..., Z = Z0 +
Z1
Da1/3
+ ...
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Figure 4.3: A point P on the reaction sheet and its normal coordinate.
We now substitute into the governing equations (4.42)-(4.45) which become, to leading
order
∂u0
∂x
+
∂v0
∂y
= 0, (4.52)
∂u0
∂t
+ u0
∂u0
∂x
+ v0
∂u0
∂y
+
∂p0
∂x
= Pr
(
∂2u0
∂x2
+
∂2u0
∂y2
)
, (4.53)
∂v0
∂t
+ u0
∂v0
∂x
+ v0
∂v0
∂y
+
∂p0
∂y
= Pr
(
∂2v0
∂x2
+
∂2v0
∂y2
)
+ PrRaθ0, (4.54)
∂θ0
∂t
+ u0
∂θ0
∂x
+ v0
∂θ0
∂y
=
∂2θ0
∂x2
+
∂2θ0
∂y2
, (4.55)
where we have
θ0 = (1 + S)Z0 for y < yst and θ
0 =
1 + S
S
(
1− Z0) for y > yst (4.56)
from equations (4.49)-(4.50), so that the equation for Z0 is not necessary. These
equations are subject to the boundary conditions
u0 = v0 = θ0 = 0 at y=0, (4.57)
u0 = v0 = θ0 = 0 at y=1, (4.58)
from (4.37)-(4.38). To close the problem we need to provide jump conditions across
the reaction sheet located at y = yst(t, x). These are given by[
θ0
]
=
[
u0
]
=
[
v0
]
= 0, (4.59)[
∂u0
∂n
]
=
[
p0
]− Pr [∂v0
∂n
]
= 0, (4.60)
lim
y→y±st
θ0 = 1,
∂θ0
(
y−st
)
∂n
+ S
∂θ0
(
y+st
)
∂n
= 0, (4.61)
where [f ] = f
(
y+st
) − f (y−st) and n is a coordinate normal to the reaction sheet. A
derivation of these in a general context has been presented by Cheatham and Matalon
[98], who assumed a large activation energy parameter β  1, with leakages of the
components through the reaction sheet. Since this is not the case here, for the conve-
nience of the reader a short explanation of the derivation of conditions (4.59)-(4.61)
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is given in the remainder of this section, which can be skipped by those familiar with
such an approach.
Consider a small neighbourhood of a point P on the reaction sheet, which has
normal n as shown in figure 4.3. We temporarily consider a coordinate system with
origin P and the y-axis directed along n. Thus in a small neighbourhood of P the
reaction sheet is located at y = 0. We begin by assuming all state variables are
continuous across the reaction sheet:
[
θ0
]
=
[
Z0
]
= 0,
with the notation [f ] = f (y = 0+)− f (y = 0−).
Now we introduce a stretched variable η given by
y =
η
Da1/3
and inner expansions in the thin reaction layer for all variables in terms of the thickness
of the reaction sheet δ ∼ Da−1/3,
u = u0 +
u1
Da1/3
+ ..., p = p0 +
p1
Da1/3
+ ...,
θ = θ0 +
θ1
Da1/3
+ ..., Z = Z0 +
Z1
Da1/3
+ ...
 (4.62)
Note that a subscript denotes successive terms in the inner expansion and a superscript
denotes successive terms in the outer expansion of a variable. The inner and outer
variables must satisfy matching conditions given by
uinner (η → ±∞) = uouter
(
y → 0±) ,
for the velocity (and similar conditions on the other variables). Note that by expanding
the outer solution around y = 0 we find
u0 (η → ±∞) = u0
(
y → 0±) , (4.63)
u1 (η → ±∞) = η∂u
0 (y → 0±)
∂y
+ u1
(
y → 0±) (4.64)
for the velocity (and similar conditions on the other variables). We substitute the inner
variables into equations (4.42)-(4.45) and apply the matching conditions in order to
derive jump conditions for the outer variables across the reaction sheet located at
y = 0.
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To leading order in equations (4.42)-(4.43), after substituting in the inner expan-
sions (4.62), we find
∂2u0
∂η2
=
∂v0
∂η
= 0,
which can be integrated, using matching condition (4.63), to find
u0 = const, v0 = const, (4.65)
so that [
u0
]
=
[
v0
]
= 0.
At O
(
Da1/3
)
in the u momentum equation (4.43), after noting (4.65), we have
∂2u1
∂η2
= 0. (4.66)
Differentiating matching condition (4.64) with respect to η and applying to an inte-
gration of (4.66) then leads to [
∂u0
∂y
]
= 0.
Similarly, we look to O
(
Da1/3
)
in the v momentum equation (4.43) and apply the
differentiated form of matching condition (4.64) to find[
p0
]− Pr [∂v0
∂y
]
= 0.
Since the temperature is adiabatic at the flame we already have condition (4.48)
on the outer temperature profile, which gives
lim
y→0±
θ0 = 1.
Finally, we have the jump condition on the mixture fraction, given by[
∂Z0
∂y
]
= 0,
which is found by substituting (4.62) into (4.45) and integrating across the reaction
sheet. From the relations (4.56) between θ0 and Z0, this gives the final condition
∂θ0 (y = 0−)
∂y
+ S
∂θ0 (y = 0+)
∂y
= 0.
The jump conditions above are valid at y = 0 in the coordinate system chosen.
We can now generalise this to all points lying on the reaction sheet instead of just
a neighbourhood of P (since P is arbitrary) and thus, by substitution of y with the
normal coordinate n, the conditions at the reaction sheet are given by conditions
(4.59)-(4.61) across y = yst.
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4.4 Linear stability analysis
To summarise, dropping the superscript notation from equations (4.52)-(4.56) gives
the governing equations as
∂u
∂x
+
∂v
∂y
= 0, (4.67)
∂u
∂t
+ u
∂u
∂x
+ v
∂u
∂y
+
∂p
∂x
= Pr
(
∂2u
∂x2
+
∂2u
∂y2
)
, (4.68)
∂v
∂t
+ u
∂v
∂x
+ v
∂v
∂y
+
∂p
∂y
= Pr
(
∂2v
∂x2
+
∂2v
∂y2
)
+ PrRaθ, (4.69)
∂θ
∂t
+ u
∂θ
∂x
+ v
∂θ
∂y
=
∂2θ
∂x2
+
∂2θ
∂y2
, (4.70)
(4.71)
where
θ = (1 + S)Z y < yst, θ =
1 + S
S
(1− Z) y > yst. (4.72)
These are to be solved on both sides of the reaction sheet located at y = yst, with the
boundary conditions
θ = u = v = 0, at y = 0, (4.73)
θ = u = v = 0, at y = 1, (4.74)
and the jump conditions
[θ] = [u] = [v] = 0, (4.75)[
∂u
∂n
]
= [p]− Pr
[
∂v
∂n
]
= 0, (4.76)
lim
y→y±st
θ = 1,
∂θ
(
y−st
)
∂n
+ S
∂θ
(
y+st
)
∂n
= 0 (4.77)
across y = yst (where n denotes a coordinate normal to the reaction sheet).
4.4.1 Base State
Equations (4.67)-(4.70) admit a stationary planar solution with no flow given by, using
bars to denote the base state,
dp¯
dy
= PrRaθ¯,
d2θ¯
dy2
= 0, (4.78)
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subject to boundary conditions (4.73) and (4.74). Jump conditions (4.75)-(4.77) be-
come [
θ¯
]
= [p¯] = 0, (4.79)
lim
y→y¯±st
θ¯ = 1,
dθ¯
(
y¯−st
)
dy
+ S
dθ¯
(
y¯+st
)
dy
= 0, (4.80)
where [f ] = f
(
y¯+st
) − f (y¯−st). It follows from (4.78)-(4.80) and conditions (4.73) and
(4.74) that
θ¯ =
y
y¯st
, y < y¯st, (4.81)
θ¯ =
1− y
1− y¯st , y > y¯st. (4.82)
Thus, using the condition on the right of (4.80),
y¯st =
1
1 + S
, (4.83)
so that
θ¯ = (1 + S)y, y < y¯st, (4.84)
θ¯ =
1 + S
S
(1− y), y > y¯st. (4.85)
Finally, the base state pressure profile p¯ can be found by integrating the equation on
the left of (4.78) with respect to y.
4.4.2 Linear stability problem
We now perturb the base state by writing
u = u˜, v = v˜, p = p¯+ p˜, θ = θ¯ + θ˜, yst = y¯st + y˜st, (4.86)
where  << 1 is a small parameter measuring the magnitude of the perturbations
(denoted by tilde). To O() in equations (4.67)-(4.70) we find
∂u˜
∂x
+
∂v˜
∂y
= 0, (4.87)
∂u˜
∂t
+
∂p˜
∂x
= Pr∇2u˜, (4.88)
∂v˜
∂t
+
∂p˜
∂y
= Pr∇2v˜ + PrRaθ˜, (4.89)
∂θ˜
∂t
+ v˜
dθ¯
dy
= ∇2θ˜. (4.90)
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The wall boundary conditions on the perturbed variables are given by, using (4.73)-
(4.74),
θ˜ = u˜ = v˜ = 0, at y = 0, (4.91)
θ˜ = u˜ = v˜ = 0, at y = 1. (4.92)
Finally, we transfer the conditions (4.75)-(4.77) at the reaction sheet y = yst(t, x) to
y = y¯st by using a Taylor expansion around yst = y¯st + y˜st. For example,
θ(yst) = θ(y¯st + y˜st) = θ (y¯st) + (yst − y¯st) (θy (y¯st)) + ...
which, using the perturbation to θ in (4.86), becomes
θ(yst) = θ¯(y¯st) + θ˜(y¯st) + ...+ y˜stθ¯y(y¯st) + ...
and therefore, at O () of the condition to the left of (4.77),
θ˜ = −y˜stθ¯y at y = y¯±st.
Hence, using the base state solution (4.84)-(4.85),
θ˜ = −y˜st(1 + S) at y = y¯−st,
θ˜ = y˜st
1 + S
S
at y = y¯+st.
The other reaction sheet conditions can be derived similarly, noting that u, v, their
derivatives and p are continuous across the reaction sheet in the base state. This leads
to
[u˜] = [v˜] =
[
∂u˜
∂n
]
= [p˜]− Pr
[
∂v˜
∂n
]
= 0 across y = y¯st, (4.93)
θ˜
(
y = y¯−st
)
= −y˜st (1 + S) , θ˜
(
y = y¯+st
)
= y˜st
1 + S
S
,
Sθ˜y
(
y = y¯+st
)
+ θ˜y
(
y = y¯−st
)
= 0. (4.94)
The linear stability problem has now been derived and is given by equations (4.87)-
(4.90) for y 6= y¯st, subject to the boundary conditions (4.91)-(4.92) and the jump
conditions (4.93)-(4.94) across y = y¯st. It is worth noting that dθ¯/dy takes different
values below and above the reaction sheet, given by (4.84) and (4.85), respectively.
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Before continuing, it can be noted that equations (4.87)-(4.90), which are four
equations in four variables, can be simplified into two equations in two variables. To
this end, we first take ∂
∂x
(4.88)+ ∂
∂y
(4.89), which with the use of (4.87) gives
∇2p˜ = PrRa∂θ˜
∂y
. (4.95)
We then take ∇2(4.89) to find
∂
∂t
∇2v˜ + ∂
∂y
∇2p˜ = Pr∇4v˜ + PrRa∇2θ˜. (4.96)
Finally, substitution of (4.95) into (4.96) yields
∂
∂t
∇2v˜ = Pr∇4v˜ + PrRa∂
2θ˜
∂x2
. (4.97)
Thus the perturbations v˜ and θ˜ are governed by equations (4.90) and (4.97).
4.4.3 Fourier analysis
We consider normal mode solutions by setting
u˜ = U(y)eσt+iax, v˜ = V (y)eσt+iax, p˜ = P˜ (y)eσt+iax,
θ˜ = φ(y)eσt+iax, y˜st = e
σt+iax.
 (4.98)
At this point it should be noted that three-dimensional perturbations of the form
u˜ = U(y) exp (σt+ i (a1x+ a2z)), say, do not need to be considered because they lead
to exactly the same problem, as derived below, if the substitution a2 = a21 +a
2
2 is made
(known as Squire’s transformation).
Governing equations
Note that for the derivation of the governing equations of the linear stability problem
we do not need to consider u˜ or p˜, but we shall here nevertheless write the continuity
equation and the momentum equations in terms of the Fourier variables, which follows
from substituting (4.98) into (4.87)-(4.89), for future use:
iaU + V ′ = 0, (4.99)
σU + iaP˜ = Pr(−a2U + U ′′), (4.100)
σV + P˜ ′ = Pr(−a2V + V ′′) + PrRaφ. (4.101)
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Continuing with the equations for V (y) and φ(y), which follow from substituting (4.98)
into (4.90) and (4.97), we have
(
D2 − a2 − σ)φ = V dθ¯
dy
, (4.102)
σ
(
D2 − a2)V = Pr (D2 − a2)2 V − a2PrRaφ, (4.103)
where D ≡ d/dy.
Substitution of (4.102) into (4.103) gives a single equation for V in each region
(
D2 − a2 − σ) (D2 − a2) (D2 − a2 − σ
Pr
)
V = a2Ra
dθ¯
dy
V. (4.104)
In other words, we have derived equations in the regions above and below the reaction
sheet, which depend on the derivative of the base temperature in the respective region,
given by (4.84) for y < y¯st and (4.85) for y > y¯st.
Finally note that (4.103) implies that
(
D2 − a2) (D2 − a2 − σ
Pr
)
V = a2Raφ, (4.105)
which will be useful when deriving the boundary conditions in the next section.
Boundary conditions
On using equations (4.99) and (4.105), which give V in terms of U and φ respectively,
boundary conditions (4.91)-(4.92) become, after substituting in (4.98),
V = DV =
(
D2 − a2) (D2 − a2 − σ
Pr
)
V = 0 at y = 0, 1. (4.106)
Jump conditions
Conditions (4.94) can be written, after substituting in (4.98),
φ
(
y = y¯−st
)
= − (1 + S) , φ (y = y¯+st) = 1 + SS ,
Sφy
(
y = y¯+st
)
+ φy
(
y = y¯−st
)
= 0. (4.107)
The velocity jump conditions (4.93) convert to
[V ] = [U ] = [DU ] = 0 across y = y¯st. (4.108)
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Also on using (4.93) we have[
P˜
]
= Pr [DV ] across y = y¯st. (4.109)
Now, considering equation (4.99) and its successive differentiations we can convert
(4.108) to conditions on V , namely,
[V ] = [DV ] =
[
D2V
]
= 0 across y = y¯st,
and thus, using (4.109), [
P˜
]
= 0 across y = y¯st. (4.110)
Finally, substitution of (4.99) into (4.100) gives
−a2P˜ = σDV + Pr (a2V −D3V )
and hence (4.110) implies that[
D3V
]
= 0 across y = y¯st.
Thus the linear stability problem for the system is fully formulated. It is given by(
D2 − a2 − σ) (D2 − a2) (D2 − a2 − σ
Pr
)
V = a2Ra(1 + S)V, y < y¯st, (4.111)(
D2 − a2 − σ) (D2 − a2) (D2 − a2 − σ
Pr
)
V = −a2Ra(1 + S)
S
V, y > y¯st, (4.112)
with the wall boundary conditions
V = DV =
(
D2 − a2) (D2 − a2 − σ
Pr
)
V = 0 at y = 0, 1, (4.113)
the mass/momentum jump conditions
[V ] = [DV ] = [D2V ] = [D3V ] = 0 across y = y¯st (4.114)
and the reaction sheet conditions, which follow from using (4.105) in (4.107),(
D2 − a2) (D2 − a2 − σ
Pr
)
V = −a2Ra(1 + S) at y = y¯−st, (4.115)(
D2 − a2) (D2 − a2 − σ
Pr
)
V = a2Ra
1 + S
S
at y = y¯+st, (4.116)
S
(
D
(
D2 − a2) (D2 − a2 − σ
Pr
)
V
(
y¯+st
))
+
D
(
D2 − a2) (D2 − a2 − σ
Pr
)
V
(
y¯−st
)
= 0, (4.117)
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where the averaged flame position is given by y¯st = 1/(1 + S).
We now have a sixth order ordinary differential equation for the velocity pertur-
bation V in each region, with 13 auxiliary conditions (six boundary conditions at the
wall and seven conditions at the averaged reaction sheet). These conditions are suffi-
cient to determine V along with the eigenvalue σ = σ(a;Ra, S), which will determine
the linear stability of the Burke–Schumann diffusion flame. For given values of Ra
and S, if the real part of the growth rate σ is greater than zero for any value of the
wavenumber a, the system is unstable. If the real part of σ is negative for all values
of a the system is stable.
4.5 Solution of the linear stability problem
It is worth noting at this point that in the non-reactive case it can be shown that
the growth rate σ is real and the marginal state is characterised by σ = 0; this is
called the principle of the exchange of stabilities [86, pp. 24–26]. Since this is not
straightforward in our case, we instead begin by solving the linear stability problem
numerically using the BVP4C solver in Matlab to find the eigenvalue σ and investigate
whether its imaginary part is zero at marginal stability. If so, we can characterise the
marginal state as the state where σ = 0 and proceed to solve the problem in a similar
approach to the non-reactive case.
4.5.1 Numerical solution for σ
In this section, we numerically solve equations (4.111) and (4.112) with conditions
(4.113)-(4.117). We use the eigen-boundary-value-problem Matlab solver BVP4C [75]
to find the value of the growth rate σ for given values of the wavenumber a, the
Rayleigh number Ra and the stoichiometric coefficient S. The key result is that σ is
always found to be real. Figure 4.4 shows that as Ra increases for selected values of a
and S, σ passes from negative values to positive values and there is a marginal value
of Ra at which the system changes from stability to instability and σ = 0. We also
plot the effect of the wavenumber on the growth rate for several values of the Rayleigh
number in figure 4.5, which clearly shows the existence of a critical Rayleigh number.
If the Rayleigh number takes a value higher than its critical value, there is a band of
CHAPTER 4. DIFFUSION FLAME INSTABILITY 104
3,550 3600 3,650
−0.2
0
0.2
0.4
Rayleigh number
G
ro
wt
h 
ra
te
 σ
 
 
Re(σ)
Im(σ)
(a) Growth rate versus Rayleigh number for S = 1 with wavenumber a = 3.95.
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(b) Growth rate versus Rayleigh number for S = 5 with wavenumber a = 3.13.
Figure 4.4: Graphs of real and imaginary parts of the growth rate σ versus the Rayleigh
number Ra for two selected values of the stoichiometric coefficient S (with Pr = 1).
Note that the imaginary part of the growth rate is found to be zero for all values of
Ra.
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Figure 4.5: Growth rate versus wavenumber for selected values of the Rayleigh number,
with S = 1 and Pr = 1. Note that in this case the critical Rayleigh number is found
to be Rac = 3596.
wavenumbers for which σ > 0 and the system is unstable.
At this point we could produce many more plots investigating the stability of the
system, however to avoid repetition we merely note that the growth rate is always
found to be real and thus σ = 0 characterises the marginal state. We can therefore
simplify the problem by setting σ = 0 in the governing equations and then solve to
find the marginal Rayleigh number. In the next section we will solve the marginal
problem and then discuss the stability of the system in more detail.
4.5.2 Marginal state
Motivated by the conclusions of the previous section, here we set σ = 0 in equations
(4.111) and (4.112) with conditions (4.113)-(4.117), characterising the marginal state.
This is the state at which the system passes from being stable to being unstable, and
thus the Rayleigh number for which this state exists for a given wavenumber a is the
marginal Rayleigh number at that wavenumber. Hence
(
D2 − a2)3 V = a2Ra(1 + S)V, y < y¯st, (4.118)(
D2 − a2)3 V = −a2Ra(1 + S)
S
V, y > y¯st, (4.119)
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with the wall boundary conditions
V = DV =
(
D2 − a2)2 V = 0 at y = 0, 1, (4.120)
the mass/momentum jump conditions
[V ] = [DV ] =
[
D2V
]
=
[
D3V
]
= 0 across y = y¯st (4.121)
and the reaction sheet conditions(
D2 − a2)2 V = −a2Ra(1 + S) at y = y¯−st, (4.122)(
D2 − a2)2 V = a2Ra1 + S
S
at y = y¯+st, (4.123)
S
(
D
(
D2 − a2)2 V (y¯+st))+D (D2 − a2)2 V (y¯−st) = 0, (4.124)
where the averaged flame position is given by y¯st = 1/(1 + S).
Following a similar approach to that of Chandrasekhar [86, pp. 36–42], we let the
velocity perturbation V take the form
V = e±py y < y¯st,
V = e±qy y > y¯st.
Then we have (
p2 − a2)3 = a2Ra(1 + S) y < y¯st,(
q2 − a2)3 = −a2Ra(1 + S)
S
y > y¯st.
If we let
1 + S
S
a2Ra = τ 3a6 (4.125)
we find that the roots of these equations are given by
p2 = a2
(
S1/3τ + 1
)
and p2 = a2
[
1 + S1/3
τ
2
(
−1± i
√
3
)]
,
q2 = −a2 (τ − 1) and q2 = a2
[
1 +
τ
2
(
1± i
√
3
)]
.
Thus we have six roots for the solution below the reaction sheet and six roots for the
solution above it, given by
±p0, ±p and ± p∗,
±iq0, ±q and ± q∗,
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where * denotes the complex conjugate. Here
p0 = a
√
(S1/3τ + 1),
R(p) = a
[
1
2
(√
1− S1/3τ + S2/3τ 2 +
(
1− S1/3 τ
2
))]1/2
,
I(p) = a
[
1
2
(√
1− S1/3τ + S2/3τ 2 −
(
1− S1/3 τ
2
))]1/2
,
and
q0 = a
√
(τ − 1),
R(q) = a
[
1
2
(√
1 + τ + τ 2 +
(
1 +
τ
2
))]1/2
,
I(q) = a
[
1
2
(√
1 + τ + τ 2 −
(
1 +
τ
2
))]1/2
.
Thus the solution for the velocity perturbation can be written as
V − = A0 cosh p0y + A cosh py + A∗ cosh p∗y+
B0 sinh p0y +B sinh py +B
∗ sinh p∗y, (4.126)
(y < y¯st) ,
V + = C0 cos q0y + C cosh qy + C
∗ cosh q∗y+
D0 sin q0y +D sinh qy +D
∗ sinh q∗y, (4.127)
(y > y¯st) .
The problem has 13 auxiliary conditions while the general solution has 12 constants
of integration. We therefore need to apply 12 conditions in order to determine V ± for
a specified value of a and use the 13th condition to determine τ , from which we can
find the marginal Rayleigh number using the formula
Ra = τ 3a4
S
1 + S
. (4.128)
To write the boundary conditions on V in matrix form, we begin by noting, using
(4.126)-(4.127), that (
D2 − a2)2 V − =
S2/3a4τ 2
[
A0 cosh p0y − 1
2
(
i
√
3 + 1
)
A cosh py − 1
2
(
−i
√
3 + 1
)
A∗ cosh p∗y
+B0 sinh p0y − 1
2
(
i
√
3 + 1
)
B sinh py − 1
2
(
−i
√
3 + 1
)
B∗ sinh p∗y
]
,
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and
(D2 − a2)2V + =
a4τ 2
[
C0 cos q0y +
1
2
(
i
√
3− 1
)
C cosh qy − 1
2
(
i
√
3 + 1
)
C∗ cosh q∗y
+D0 sin q0y +
1
2
(
i
√
3− 1
)
D sinh qy − 1
2
(
i
√
3 + 1
)
D∗ sinh q∗y
]
.
The conditions (4.120)-(4.123) can then be written in the matrix form Ax = b for the
vector of constants x, which can be solved using
x = A−1b. (4.129)
We then write the final condition (4.124), say, as
cTx = 0,
where c is a vector. A solution that satisfies all of the auxiliary conditions can therefore
be found by solving the matrix equation (4.129) for given values of a and S in Matlab
to find x and then using Matlab’s fzero function with cTx as the input. This will
lead to a solution for V ± and τ , from which the marginal Rayleigh number can be
found using equation (4.128). Note that the temperature perturbation profile can be
recovered from the velocity perturbation profile using the equations
φ± =
(1 + S)
Sτ 3a6
(
D2 − a2)V ±,
which are found by setting σ = 0 in (4.105) and using (4.125).
4.6 Discussion of results
In this section we present the results found by solving the problem in the marginal
state using the method described at the end of the previous section. The aim is to
calculate the critical Rayleigh number Rac, which characterises the conditions at the
threshold of instability, and its dependence upon the stoichiometric coefficient S.
We begin with plots of how the Rayleigh number in the marginal state varies with
the wavenumber a for two selected values of the stoichiometric coefficient S, provided
in figure 4.6. Indicated in the figure are the calculated values of the critical Rayleigh
number Rac and the corresponding critical wavenumber ac for each value of S. It can
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be seen that, for a given value of S, if Ra > Rac there is a band of wavenumbers for
which the growth rate σ > 0; thus if Ra > Rac the perturbations made to the base
state grow exponentially in time and the system is unstable. Velocity perturbation
profiles versus y at the onset of instability Ra = Rac for selected values of S are
presented in figure 4.7.
Next we plot, in figure 4.8, the variation in Rac with the stoichiometric coefficient
S and the flame position yst = 1/(1+S). Indicated in each plot is the critical Rayleigh
number given in Chandrasekhar [86, p. 39] for the non-reactive problem with two rigid
boundaries. The fact that Rac in our reactive case is found to be very close to the non-
reactive critical Rayleigh number for large values of S, but not exactly equal in the limit
S →∞, can be explained by considering the equations governing the marginal state.
As S → ∞, the problem in the upper half-space above the reaction sheet reduces to
the non-reactive problem with two rigid boundaries, except for the conditions (4.122)
and (4.123) at the reaction sheet. Thus, as S → ∞ the critical Rayleigh number
approaches a value slightly different to the non-reactive critical Rayleigh number, as
can be seen in figure 4.8. It is found that as the flame moves away from the lower
boundary, Rac first decreases slightly then increases to very large values as the flame
approaches the upper boundary.
It can be seen in figure 4.8 that the order of magnitude of Rac can significantly
deviate from the order of magnitude of the critical Rayleigh number in the non-reactive
case, especially as yst → 1. In order to facilitate comparison with the non-reactive
case, we scale the Rayleigh number, by using as reference length the distance of the
flame from the upper boundary (1− yst)L instead of L. This scaled Rayleigh number
is more comparable to the Rayleigh number in the non-reactive case because both use
as reference length the distance from the hot surface to the cold upper boundary. The
scaled critical Rayleigh number is given by
Rac,scaled = Rac (1− yst)3 .
In figure 4.9 we plot Rac,scaled against the flame position yst and the stoichiometric
coefficient S and compare with two non-reactive cases. The first is the case of two
rigid boundaries; the second is the case of one rigid boundary and one free-surface
boundary. Similarly to above it is found that, as S → ∞, Rac,scaled is of the order of
magnitude of the critical Rayleigh number in the rigid-rigid non-reactive case. It is
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(a) Marginal Rayleigh number versus wavenumber for S = 1.
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(b) Marginal Rayleigh number versus wavenumber for S = 5.
Figure 4.6: Marginal Rayleigh number versus wavenumber for two selected values of
the stoichiometric coefficient S. For each wavenumber the system is unstable if the
Rayleigh number Ra takes a value larger than the marginal Rayleigh number, and
stable if Ra is lower. For each value of S, the lowest marginal Rayleigh number is
the critical Rayleigh number Rac and the corresponding wavenumber is the critical
wavenumber ac.
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Figure 4.7: Marginal velocity perturbation profile V ± versus y for two selected values
of the stoichiometric coefficient S (scaled by the maximum value for comparison). In
each case the wavenumber a is equal to its critical value ac, given by ac = 3.95 for
S = 1 and ac = 3.25 for S = 2.
also found that for S ≈ 9 (i.e. yst ≈ 0.1), Rac,scaled is of the order of magnitude of the
critical Rayleigh number in the rigid-free non-reactive case. As the flame approaches
the upper boundary, in the limit S → 0, Rac,scaled decreases to lower values.
4.7 Numerical study
We now proceed to a full numerical treatment of the problem, using the finite element
package Comsol Multiphysics to directly simulate the physical system. We solve the
time-dependent equations (4.32)-(4.36) with boundary conditions (4.37)-(4.38). As
initial condition we use the planar strongly burning planar diffusion flame (which is
found on the upper branch of the curve in figure 4.2). The aims in this section are:
first, to investigate the nature of the instabilities that occur for values of the Rayleigh
number slightly higher than Rac; second, to test the results of the linear stability
analysis presented in the previous section against numerical results; finally, to test the
effect of thermal expansion and finite chemistry on Rac.
All numerical calculations are performed for the parameter values β = 10 and
Pr = 1, in a numerical domain of aspect ratio 10; this aspect ratio has been shown
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(a) Critical Rayleigh number versus flame position yst = 1/(1 + S).
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Figure 4.8: The effect of the stoichiometric coefficient S and flame position yst (which
depends on S) on the critical Rayleigh number Rac. Indicated is the critical Rayleigh
number in non-reactive Rayleigh–Be´nard convection with two rigid boundaries.
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Figure 4.9: The effect of the stoichiometric coefficient S and flame position yst (which
depends on S) on the scaled critical Rayleigh number Rac,scaled. Indicated are the
critical Rayleigh numbers in non-reactive Rayleigh–Be´nard convection with two rigid
boundaries and with one rigid boundary and one free boundary.
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(a) S = 1; computed at Ra = 3700.
(b) S = 6; computed at Ra = 1740.
Figure 4.10: Convection roll/cellular flame steady state streamlines for different values
of the stoichiometric coefficient S in the Boussinesq approximation. The black line
represents the flame position. Calculations were performed the parameter values Da =
2x104, β = 10 and Pr = 1 and for values of the Rayleigh number Ra slightly higher
than its critical value Rac in each case.
to be sufficiently large to approximate an infinite domain in the non-reactive case by
Gelfgat [115]. The domain is discretised into a non-uniform grid of approximately
120,000 triangular elements, with local refinement around the reaction zone and the
upper and lower boundaries; various tests have been performed to ensure the mesh-
independence of the results. We use a value of Da = 2x104 to approximate an infinite
Damko¨hler number in all calculations unless otherwise specified.
We begin with an illustrative calculation, shown in figure 4.10, which displays the
nature of the instability that occurs if Ra takes a value slightly higher than Rac. The
figure shows the stationary, stable states that the system reaches for two selected values
of S when Ra > Rac. The mechanism of the fluid instability is similar to that of the
non-reactive case, described in detail by Chandrasekhar [86, pp.9–10] and Getling [87,
p. 12], whereby fluid of higher density lies above the hotter, lower density fluid causing
convection to occur. The induced flow enhances the transport of fuel and oxidiser to
certain parts of the flame, generating a cellular structure, as shown in the figure.
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Next, we test the validity of the linear stability results in the Boussinesq approx-
imation and the effect of compressibility on the critical Rayleigh number. In figure
4.11 we plot the relationship between (a) Rac, scaled and S and (b) Rac, scaled and yst
for several values of the thermal expansion coefficient α. We also plot Rac, scaled as
predicted by the linear stability analysis, for comparison. As expected, the values of
Rac, scaled calculated for a low value of α are similar to the values calculated in the
linear stability analysis. This is because the Boussinesq approximation is derived from
an expansion in small α of the governing equations.
The numerical results corresponding to larger, more realistic values of the thermal
expansion coefficient show several discrepancies with those of the linear stability anal-
ysis. Firstly, the non-Boussinesq system is found to be more stable, a well known result
in non-reactive Rayleigh–Be´nard convection [116]. Secondly, the system is found to
exhibit hysteresis at the onset of instability, whereby the system allows two different
steady states for the same parameter values as shown in figure 4.12; again, it is well
known in the literature for the non-reactive case that this is associated with depar-
tures from the Boussinesq approximation [87, 111]. Despite these differences, figure
4.11 shows that the relationship between Rac and S is found to be qualitatively similar
for all of the selected values of α.
To close this section, we now test the effect of finite chemistry on the critical
Rayleigh number by varying the Damko¨hler number Da. The results, presented in
figure 4.13, show that Rac decreases as Da decreases. In the limit Da → ∞ there is
little change in Rac as Da varies; indeed, the curve in the figure can be seen to flatten
out near Da = 1000. Thus the value Da = 2x104 used previously to approximate
infinitely fast chemistry is sufficiently large. As Da approaches its extinction value
Daext the system becomes considerably more unstable and Rac is reduced significantly.
4.8 Conclusion
We have studied, using analytical and numerical methods, the stability of a planar
diffusion flame in an infinitely long channel with porous walls, under gravitational
effects. The conditions under which the diffusion flame becomes unstable have been
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(a) Scaled critical Rayleigh numbers versus flame position yst = 1/(1 + S).
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Figure 4.11: Comparison of the behaviours of the scaled critical Rayleigh numbers
Rac, scaled versus (a) flame position yst and (b) stoichiometric coefficient S as predicted
by the linear stability analysis and the computations carried out for selected values
of the thermal expansion coefficient α. Numerical calculations were performed for the
parameter values Da = 2x104, β = 10 and Pr = 1.
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(a) Strongly burning planar diffusion flame with no flow (quiescent state).
(b) Convection roll/cellular flame state with streamlines.
Figure 4.12: Numerical calculations displaying an example of hysteresis in the non-
Boussinesq system. The black line represents the flame position. Both calculations
were performed for the parameter values α = 0.85, Da = 2x104, S = 1, β = 10,
Pr = 1 and for Ra = 28000, which is lower than Rac for these parameter values. Both
steady states are found to be stable, and since they both exist for Ra < Rac, this is
an example of a finite-amplitude subcritical instability of the quiescent state.
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Figure 4.13: The effect of the Damko¨hler number Da on the critical Rayleigh number
Rac and the scaled critical Rayleigh number Rac, scaled. The calculations were per-
formed for the parameter values α = 0.85, β = 10, S = 1 and Pr = 1. Indicated
in the figure is the extinction value of Da, below which the strongly burning planar
diffusion flame cannot exist.
determined by calculation of the critical Rayleigh number, which defines the threshold
of instability. Such results do not seem to be available in the literature.
First, we have investigated the stability of the Burke–Schumann flame, using a
linear stability analysis in the Boussinesq approximation. The relationship between
the position of the flame in the channel (governed by the stoichiometric coefficient)
and the critical Rayleigh number has been determined. The growth rate of the linear
stability problem was first confirmed to be real using numerical methods, so that the
system could be studied analytically in the marginal state using a similar method to
that of the non-reactive problem.
Results have been presented, which show that as the flame approaches the lower
boundary with increasing stoichiometric coefficient, the critical Rayleigh number is
close to the well-known value it takes in the non-reactive case with two rigid bound-
aries. A rescaling of the Rayleigh number using the distance between the flame and
the cold upper boundary as reference length was performed to aid in the comparison
between the reactive and non-reactive problems. The scaled critical Rayleigh number
was found to be (a) of the order of magnitude of the critical Rayleigh number in the
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non-reactive problem with two rigid boundaries, as the flame approaches the lower wall
and (b) of the order of magnitude of the critical Rayleigh number in the non-reactive
problem with one rigid and one free-surface boundary, when the flame is located a
certain distance from the lower wall (which has been calculated).
Second, we have provided numerical solutions of the full set of governing equations
for several values of the thermal expansion coefficient using a finite-element method
with a high Damko¨hler number. The results show that when the Rayleigh number is
higher than its critical value, the fluid forms convection rolls as in the non-reactive
case, which interact with the flame to generate cellular structures.
For weak values of the thermal expansion coefficient α, which corresponds to con-
ditions in which the Boussinesq approximation is expected to be valid, the numerical
results show strong agreement with those of the linear stability analysis. For larger
values of α, there is qualitative agreement between the numerical and analytical re-
sults but several discrepancies caused by a higher thermal expansion coefficient. The
non-Boussinesq system was found to be more stable than the system in the Boussi-
nesq approximation and to exhibit hysteresis at the onset of instability, which are well
known results in the non-reactive case.
Finally, we have investigated the effect of finite chemistry on the system. The
results show that the system becomes less stable as the Damko¨hler number Da is
decreased, especially as Da approaches its extinction value Daext, below which the
strongly burning diffusion flame cannot exist. For large values of Da the decrease in
the critical Rayleigh number with decreasing Da was found to be small.
The results in this study are a crucial step in the understanding of gravitational
effects on diffusion flames with important ramifications to combustion in non-uniform
mixtures such as triple flames. Chapter 5 will concentrate on the effect of gravity on
steadily propagating triple flames, using the characterisation of the instability of the
trailing planar diffusion flame in this study as a basis.
Chapter 5
The effect of gravity and thermal
expansion on the propagation of a
triple flame in a horizontal channel
5.1 Introduction
The study of triple flames, which consist of two premixed branches and a trailing dif-
fusion flame, has been extensive since their first experimental observation by Phillips
[26]. Early analytical studies were carried out by Ohki and Tsuge [27], followed by Dold
and collaborators [28, 29]. These initial studies utilised the constant density approx-
imation, decoupling the underlying hydrodynamics of the system from the equations
of heat and mass. Most analytical studies since have used this approximation while
investigating several practical aspects affecting triple flames. These aspects include
preferential diffusion [117, 118], heat losses [119–121], reversibility of the chemical re-
action [122, 123] and the presence of a parallel flow [110]. For further references see
the review papers [30] and [31].
In this chapter, which is based on a paper by Pearce and Daou [1], we dispense with
the constant density approximation in order to describe the coupled effect of thermal
expansion and gravity on the propagation of a triple flame. To this end, it is imperative
to first understand this effect on the “strongly burning” diffusion flame, which forms
one of the triple flame’s branches. Steadily propagating triple flames are only expected
for parameter values for which the diffusion flame exists and is stable. In Chapter 4,
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we undertook a comprehensive study on the stability of a diffusion flame under the
influence of gravity and thermal expansion in the channel configuration adopted in the
present chapter (see also the paper by Pearce and Daou [2] on this topic). There is
thus a clear understanding of the values that the parameters can take to ensure the
existence and stability of the trailing diffusion flame.
The first attempt to understand the effects of variable density on triple flames was
undertaken by Ruetsch et al. [32], who investigated the problem numerically. They
have also derived a scaling law describing the increase in the propagation speed of the
triple flame above the planar premixed flame speed due to thermal expansion. The
increase was attributed to the divergence of the flow field ahead of the flame. The
result was confirmed in [124] using numerical simulation; further related numerical
studies were carried out in [33–36].
Triple flames propagating in a direction parallel to the direction of gravity have
been investigated numerically and experimentally in [37–40]. It has been found that the
propagation speed of a triple flame propagating downwards is decreased in comparison
to that of a triple flame in the absence of gravity. The change in the propagation
speed has been explained in [39] as being due to an increase in the acceleration of the
gas ahead of the triple flame leading edge, caused by buoyancy. Conversely, upward
propagation leads to an increase in the propagation speed. To our knowledge no
dedicated studies have been undertaken on triple flames propagating in a direction
perpendicular to gravity.
In the present chapter we investigate the combined effect of thermal expansion
and gravity on the propagation of a triple flame in a horizontal channel with rigid
walls, through which fuel and oxidiser are injected. The main aim is to describe
the behaviour of the triple flame in terms of three non-dimensional parameters; the
flame-front thickness, the thermal expansion coefficient and the Rayleigh number.
The chapter is structured as follows. In §5.2 we provide a non-dimensional formu-
lation of the problem. In §5.3 we present some important preliminary results used in
later discussions, related to the planar premixed flame and to the existence and stabil-
ity of the planar diffusion flame. In §5.4, we present the numerical results obtained. In
particular, the effect of thermal expansion and gravity on a triple flame is described,
with special emphasis on the relationship between the propagation speed U and the
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flame-front thickness  for various values of the thermal expansion coefficient α and
the Rayleigh number Ra. We close the chapter with a summary of the main findings
and recommendations for future studies.
5.2 Formulation
We investigate the problem of a triple flame propagating through an infinitely long
channel of height L, where fuel is provided at the upper wall and oxidiser at the lower
wall, as shown in figure 5.1. For simplicity, the temperatures of the walls are assumed
to be equal. The governing equations consist of the Navier–Stokes equations coupled
to equations for temperature and mass fractions of fuel and oxidiser. The combustion
is modelled as a single irreversible one-step reaction of the form
F + sO→ (1 + s)Products + q,
where F denotes the fuel and O the oxidiser. The quantity s denotes the mass of
oxidiser consumed and q the heat released, both per unit mass of fuel.
The overall reaction rate ωˆ is taken to follow an Arrhenius law of the form
ωˆ = ρˆBYˆF YˆO exp
(
−E/RTˆ
)
.
Here ρˆ, YˆF , YˆO, R, Tˆ , B and E are the density, the fuel mass fraction, the oxidiser
mass fraction, the universal gas constant, the temperature, the pre-exponential factor
and the activation energy of the reaction, respectively.
5.2.1 Governing Equations
The governing equations in the low Mach number formulation will be written here
using a co-ordinate system attached to the flame front. More precisely, if x˙F
(
tˆ
)
denotes
the propagation speed of the flame front relative to the laboratory (with x˙F
(
tˆ
)
< 0
indicating a propagation to the left), we shall use the co-ordinates
(
tˆ′, X ′, Y ′
)
=
(
tˆ, X − xF
(
tˆ
)
, Y
)
.
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Fuel side
Oxidiser side
Triple Flame
Figure 5.1: An illustration of a triple flame in a channel of height L. The walls are
assumed to be rigid and to have equal temperatures Tˆ = Tˆu. The mass fractions are
prescribed by YˆF = YˆFu, YˆO = 0 at the upper wall and YˆF = 0, YˆO = YˆOu at the lower
wall.
This leads to
∂
∂tˆ
=
∂
∂tˆ′
− x˙F
(
tˆ
) ∂
∂X ′
.
Dropping primes, we write the governing equations as the continuity equation
∂ρˆ
∂tˆ
+
∂
∂X
(
ρˆ
(
uˆ− x˙F
(
tˆ
)))
+
∂
∂Y
(ρˆvˆ) = 0, (5.1)
momentum equations
ρˆ
∂uˆ
∂tˆ
+ ρˆ
(
uˆ− x˙F
(
tˆ
)) ∂uˆ
∂X
+ ρˆvˆ
∂uˆ
∂Y
+
∂pˆ
∂X
= µ
(
∇2uˆ+ 1
3
∂
∂X
(∇ · uˆ)
)
, (5.2)
ρˆ
∂vˆ
∂tˆ
+ ρˆ
(
uˆ− x˙F
(
tˆ
)) ∂vˆ
∂X
+ ρˆvˆ
∂vˆ
∂Y
+
∂pˆ
∂Y
= µ
(
∇2vˆ + 1
3
∂
∂Y
(∇ · uˆ)
)
+ (ρˆ− ρˆ0) g,
(5.3)
temperature equation
ρˆ
∂Tˆ
∂tˆ
+ ρˆ
(
uˆ− x˙F
(
tˆ
)) ∂Tˆ
∂X
+ ρˆvˆ
∂Tˆ
∂Y
= ρˆDT∇2Tˆ + q
cP
ωˆ, (5.4)
fuel and oxidiser mass fraction equations
ρˆ
∂YˆF
∂tˆ
+ ρˆ
(
uˆ− x˙F
(
tˆ
)) ∂YˆF
∂X
+ ρˆvˆ
∂YˆF
∂Y
= ρˆDF∇2YˆF − ωˆ, (5.5)
ρˆ
∂YˆO
∂tˆ
+ ρˆ
(
uˆ− x˙F
(
tˆ
)) ∂YˆO
∂X
+ ρˆvˆ
∂YˆO
∂Y
= ρˆDO∇2YˆO − sωˆ, (5.6)
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and the equation of state
ρˆTˆ = ρˆuTˆu. (5.7)
Here pˆ is the hydrodynamic pressure and DT , DF , and DO denote the diffusion co-
efficients of heat, fuel and oxidiser, respectively. Tˆu refers to the temperature of the
unburnt mixture which is also the temperature of both channel walls, while ρˆu is the
density of the unburnt mixture. We assume that ρˆDT , ρˆDF and ρˆDO are constant,
as are the specific heat capacity cP , thermal conductivity λ and dynamic viscosity µ.
The flame speed x˙F
(
tˆ
)
is an eigenvalue of the problem and must be determined as
part of the solution.
The conditions as X → −∞ correspond to the frozen solution with no flow, which is
independent of X and is given by
Tˆ = Tˆu, (5.8)
YˆF = YˆFu
Y
L
, (5.9)
YˆO = YˆOu
(
1− Y
L
)
, (5.10)
uˆ = vˆ = 0, (5.11)
where YˆFu and YˆOu refer to the prescribed mass fractions at the fuel and oxidiser sides
respectively. The channel walls are also considered rigid; thus the lateral boundary
conditions are
Tˆ = Tˆu, YˆF = 0, YˆO = YˆOu, uˆ = vˆ = 0, at Y = 0, (5.12)
Tˆ = Tˆu, YˆF = YˆFu, YˆO = 0, uˆ = vˆ = 0, at Y = L. (5.13)
Downstream as X → ∞ the solution corresponds to the one-dimensional strongly
burning solution of the diffusion flame, which is again independent of X.
For large activation energies, the flame-front region is expected to be centred around
the stoichiometric surface Y = Yst where YˆO = sYˆF . Upstream, the position of the
stoichiometric surface can be determined from equations (5.8)-(5.10) as
Yst
L
=
1
1 + S
, (5.14)
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where S ≡ sYˆFu/YˆOu is a normalised stoichiometric coefficient.
We now introduce the non-dimensional variables
x =
X
L
, y =
Y
L
, u =
uˆ
S0L
, v =
vˆ
S0L
,
t =
tˆ
L /S0L
, θ =
Tˆ − Tˆu
Tˆad − Tˆu
, yF =
YˆF
YˆF,st
,
yO =
YˆO
YˆO,st
, p =
pˆ
ρˆ0 (S0L)
2 ,
where the subscript ’st’ denotes values at the upstream stoichiometric surface. Here
Tˆad ≡ Tˆu + qYˆF,st/cP is the adiabatic flame temperature, β ≡ E
(
Tˆad − Tˆu
)
/RTˆ 2ad is
the Zeldovich number or non-dimensional activation energy and α ≡ (ρˆu − ρˆad) /ρˆu is
the thermal expansion coefficient. In non-dimensionalising we have used as unit speed
S0L =
(
4LeFLeOβ
−3YO,st (1− α)DTB exp (−E/RTad)
)1/2
, (5.15)
which is the laminar burning speed of the stoichiometric planar flame to leading order
for β  1.
Inserting the scalings above into equations (5.1)-(5.7) leads to the non-dimensional
equations
∂ρ
∂t
+
∂
∂x
(ρ(u+ U(t))) +
∂
∂y
(ρv) = 0, (5.16)
ρ
∂u
∂t
+ ρ(u+ U(t))
∂u
∂x
+ ρv
∂u
∂y
+
∂P
∂x
= Pr∇2u, (5.17)
ρ
∂v
∂t
+ ρ(u+ U(t))
∂v
∂x
+ ρv
∂v
∂y
+
∂P
∂y
= Pr∇2v + 
2PrRa
α
(1− ρ), (5.18)
ρ
∂θ
∂t
+ ρ(u+ U(t))
∂θ
∂x
+ ρv
∂θ
∂y
= ∇2θ + 
−1ω
1− α, (5.19)
ρ
∂yF
∂t
+ ρ(u+ U(t))
∂yF
∂x
+ ρv
∂yF
∂y
=

LeF
∇2yF − 
−1ω
1− α, (5.20)
ρ
∂yO
∂t
+ ρ(u+ U(t))
∂yO
∂x
+ ρv
∂yO
∂y
=

LeO
∇2yO − 
−1ω
1− α, (5.21)
ρ =
(
1 +
α
1− αθ
)−1
, (5.22)
where P is a modified pressure given by P = p− Pr
3
(∇ · u) and U ≡ −x˙F /S0L is the
non-dimensional propagation speed relative to the laboratory. The non-dimensional
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parameters are defined as
Ra =
g (ρˆu − ρˆad)L3
νρˆuDT
,  =
lFl
L
=
DT/S
0
L
L
,
LeF =
DT
DF
, LeO =
DT
DO
, and Pr =
ν
DT
,
which are the Rayleigh number, the flame-front thickness lFl measured against the unit
length L, the fuel and oxidiser Lewis numbers and the Prandtl number, respectively.
Here ν is the kinematic viscosity ν = µ /ρˆu . Note that  is related to the Damko¨hler
number used in Chapter 4 by
Da =
1
2(1− α) .
The non-dimensional reaction rate is
ω =
β3
4LeFLeO
ρyFyO exp
(
β(θ − 1)
1 + αh(θ − 1)
)
, (5.23)
where αh is a heat release parameter given by αh = (Tˆad − Tˆu)/Tˆad. Note that in the
low Mach number approximation the two parameters α ≡ (ρˆu − ρˆad) /ρˆu and αh are
in fact equal, which follows from equation (5.7). In this study, however, we leave the
two distinct to aid comparison of our results with those previously obtained in the
constant density approximation [118], where αh appears in the reaction term ω and
only there. To assess the effect of thermal expansion we shall vary the coefficient α,
while maintaining αh = 0.85 constant, as in [118, 119]. Thus as α → 0 the equations
in our study reduce to those of the constant density approximation1.
Finally, (5.12)-(5.13) imply that the boundary conditions are
θ = 0, (5.24)
yF = (1 + S)y, (5.25)
yO =
S + 1
S
(1− y), (5.26)
u = v = 0 as x→ −∞, y = 0 or y = 1. (5.27)
∂u
∂x
=
∂v
∂x
=
∂θ
∂x
=
∂yF
∂x
=
∂yO
∂x
= 0 as x→∞. (5.28)
1In asymptotic studies with β →∞, of course αh is unimportant and can be set to zero. However,
for finite values of β, say β = 10 (which is commonly used in numerical studies), αh has a noticeable
effect.
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The non-dimensional problem is now fully formulated and is given by equations (5.16)-
(5.22), subject to the boundary conditions (5.24)-(5.28). The non-dimensional param-
eters in this problem are α, αh, β, Pr, Ra, Da, S, LeF and LeO. Throughout this
study we will make the assumption of unity Lewis numbers,
LeF = LeO = 1. (5.29)
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Figure 5.2: The effect of β on the numerically calculated value of the propagation
speed, Uplanar, for fixed values of the other parameters given by α = 0.85,  = 1,
LeF = LeO = 1, S = 1, Pr = 1 and Ra = 0.
5.3 Preliminary study: the planar premixed flame
and the planar diffusion flame
As a preliminary study whose results will be useful for subsequent discussions, in this
section we investigate the planar premixed flame and the planar diffusion flame. We
will begin with a discussion of how the propagation speed of the planar premixed flame
is affected by the parameters α and β. We will then study the planar diffusion flame
to determine the values of , α and Ra for which it is expected to exist in a stable
state.
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5.3.1 Planar premixed flame
0 0.2 0.4 0.6 0.8 1
0.8
0.82
0.84
0.86
0.88
Thermal expansion coefficient α
Pr
op
ag
at
io
n 
sp
ee
d 
U
Figure 5.3: The effect of the thermal expansion coefficient α on the numerically calcu-
lated value of the propagation speed, Uplanar, for fixed values of the other parameters
given by β = 10,  = 1, LeF = LeO = 1, S = 1, Pr = 1 and Ra = 0.
The equations governing the planar premixed flame are the stationary, y-independent
form of equations (5.16)-(5.22), subject to the boundary conditions
θ = 0, yF = 1, yO = 0, u = v = 0 as x→ −∞, (5.30)
∂u
∂x
=
∂v
∂x
=
∂θ
∂x
=
∂yF
∂x
=
∂yO
∂x
= 0 as x→ +∞. (5.31)
The stationary, one-dimensional problem is solved using the finite-element package
Comsol Multiphysics. The aim is to investigate the effect of the parameters α and β
on the numerically calculated planar premixed flame propagation speed Uplanar, which
can be compared to its asymptotic value as β → ∞. We give the other parameters
fixed values of  = 1, LeF = LeO = 1, S = 1, Pr = 1, αh = 0.85 and Ra = 0.
In the limit β →∞ the (dimensional) propagation speed of the stoichiometric pla-
nar flame undergoing thermal expansion should approach the asymptotically derived
value S0L, given by equation (5.15). Thus, since we have scaled the velocity by this
value, the numerically calculated propagation speed Uplanar should approach unity for
all values of α as β → ∞. Figure 5.2 shows that the numerically calculated value of
CHAPTER 5. EFFECTS OF GRAVITY ON TRIPLE FLAMES 129
Uplanar does indeed approach unity with increasing β for a fixed value of α = 0.85, as
expected.
For the remainder of this study we let β take a typical value, namely β = 10. From
figure 5.2 it can be seen that for this value of β, the propagation speed Uplanar deviates
from its expected value of unity by about 12%. However, to achieve a notable increase
in accuracy would involve significant extra computational cost.
It will also be useful in later discussions to describe how Uplanar varies with the
thermal expansion coefficient α. Figure 5.3 presents a plot of Uplanar versus α for a
fixed value of β = 10.
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Figure 5.4: The effect of the thermal expansion coefficient α on the value of  corre-
sponding to the extinction value of the planar diffusion flame, ext, for fixed values of
the other parameters given by β = 10, LeF = LeO = 1, S = 1, Pr = 1 and Ra = 0.
5.3.2 Planar diffusion flame
Steadily propagating triple flames are not expected if  exceeds the extinction value
ext of the planar diffusion flame. Here we therefore numerically solve the underlying
one-dimensional equations independent of x, to produce a plot of ext versus α, which
is provided in figure 5.4.
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A plot of the values of  for which the trailing planar diffusion flame becomes
unstable under gravity will also be useful in later discussions. This stability problem
was investigated in Chapter 4 (see also the paper by Pearce and Daou [2]), from which
important results relevant to our study are summarised in figure 5.5. Shown is an
adaptation of figure 4.13, plotting the critical value of  versus the Rayleigh number
Ra, for α = 0.85. This critical value defines the neutral stability curve which separates
the two stability regions in the figure. These regions, labelled A and B, define the
regions of stability and instability of the planar diffusion flame, respectively.
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Figure 5.5: The effect of the Rayleigh number Ra on the value of  for which the
underlying planar diffusion flame becomes unstable, c, for fixed values of the other
parameters given by β = 10, LeF = LeO = 1, S = 1, Pr = 1 and α = 0.85. The two
regions in the diagram, labelled A and B, are the regions of stability and instability
of the planar diffusion flame, respectively.
5.4 Results for a triple flame propagating in a chan-
nel
In this section we present the results obtained by solving the stationary form of equa-
tions (5.16)-(5.22) with boundary conditions (5.24)-(5.28), using the finite-element
package Comsol Multiphysics. The main aim of the work is to calculate the prop-
agation speed U in terms of the parameters α,  and Ra, which represent thermal
expansion, strain rate and gravity, respectively. The other parameters are assigned
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the values β = 10, αh = 0.85, LeF = LeO = 1, S = 1 and Pr = 1 throughout this
section. We begin with an investigation into the effect of thermal expansion on a triple
flame in the absence of gravity. This is followed by a study on the combined effect of
gas expansion and gravity.
5.4.1 Effect of thermal expansion on a triple flame in the
absence of gravity
In this section we investigate the effect of thermal expansion on a triple flame in the
absence of gravity. We therefore let Ra = 0 throughout the section. Since the aim of
the study is to calculate U , we will begin with a plot of U versus  for several values
of the thermal expansion coefficient α. In order to fully understand the effect of the
two parameters  and α, we will end with a comparison of how the streamlines and
reaction rate contours change with increasing  for several fixed values of α.
Propagation speed of a triple flame
Figure 5.6 shows a plot of the propagation speed U of the triple flame (scaled by the
numerically calculated propagation speed Uplanar of the planar premixed flame, shown
in figure 5.3) versus  for several values of the thermal expansion coefficient α. The
maximum value  can take for each α is the extinction value ext of the trailing planar
diffusion flame, which can be found in figure 5.4. The monotonic relationship between
U and , with U decreasing to negative values when  is close to ext, is a well known
property of constant density triple flames with Lewis numbers greater than or equal
to unity [118]. It is found that this property remains valid for triple flames undergoing
thermal expansion, for all values of α, as shown in figure 5.6.
It can also be seen in figure 5.6 that, if α > 0, U approaches a value larger than
that of the planar premixed flame as  approaches zero (i.e. U/Uplanar > 1 as → 0).
This result agrees with previous studies, which have found that thermal expansion
causes an increase in the propagation speed of a triple flame above the speed of the
planar premixed flame [32, 124].
In fact, it can be derived (see [32]) that under the influence of thermal expansion,
and in the limit  → 0, the ratio of the propagation speed of the triple flame to that
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Figure 5.6: The effect of  on the propagation speed U for several values of the thermal
expansion coefficient α with fixed values of the other parameters given by β = 10,
LeF = LeO = 1, S = 1, Pr = 1 and Ra = 0. For each α, U is scaled by the numerical
value calculated for the propagation speed of the planar premixed flame.
of the planar premixed flame can be approximated by the formula
U
Uplanar
∼
(
ρu
ρb
)1/2
=
(
1
1− α
)1/2
as → 0. (5.32)
Thus in the case α = 0.85, say, the propagation speed of the triple flame (when scaled
by the propagation speed of the planar premixed flame) can be expected to approach
approximately the value 2.58 as  → 0. Therefore our results are in good agreement
with the predictions made in [32], as can be seen in figure 5.6.
Comparative cases for fixed α
Figures 5.7–5.10 show the reaction rate contours and streamlines of the system for
increasing values of , with several fixed values of the thermal expansion coefficient
α. Examining, for example, figure 5.10 shows the mechanism for the increase in triple
flame speed above that of the planar premixed flame with thermal expansion as → 0,
discussed in the previous section.
The figure shows that, for small , ahead of the flame front the streamlines diverge.
As explained in detail in [32], the divergence of the streamlines occurs because the
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Figure 5.7: Streamlines and reaction rate contours in a frame of reference attached to
the flame-front for α = 0 and  = 0.015,  = 0.05,  = 0.12 and  = 0.2, respectively
from top to bottom. The propagation speeds, when scaled by the numerically calcu-
lated propagation speed of a planar premixed flame, are given by U = 0.83, U = 0.56,
U = 0.04 and U = −2.07, respectively.
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Figure 5.8: Streamlines and reaction rate contours in a frame of reference attached to
the flame-front for α = 0.1 and  = 0.015,  = 0.05,  = 0.13 and  = 0.2, respectively
from top to bottom. The propagation speeds, when scaled by the numerically calcu-
lated propagation speed of a planar premixed flame, are given by U = 0.84, U = 0.58,
U = −0.06 and U = −1.82, respectively.
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Figure 5.9: Streamlines and reaction rate contours in a frame of reference attached to
the flame-front for α = 0.5 and  = 0.015,  = 0.05,  = 0.13 and  = 0.21, respectively
from top to bottom. The propagation speeds, when scaled by the numerically calcu-
lated propagation speed of a planar premixed flame, are given by U = 1.15, U = 0.69,
U = 0.02 and U = −2.00, respectively.
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Figure 5.10: Streamlines and reaction rate contours in a frame of reference attached
to the flame-front for α = 0.85 and  = 0.015,  = 0.05,  = 0.14 and  = 0.22,
respectively from top to bottom. The propagation speeds, when scaled by the numeri-
cally calculated propagation speed of a planar premixed flame, are given by U = 1.98,
U = 1.00, U = −0.01 and U = −2.26, respectively.
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Figure 5.11: The effect of  on the propagation speed U for selected values of the
Rayleigh number with the values of the other parameters given by β = 10, LeF =
LeO = 1, S = 1, Pr = 1 and α = 0.85.
fluid velocity normal to the flame front increases with thermal expansion, while the
fluid velocity tangential to the flame front remains the same. The flow velocity vector
is therefore bent towards the centreline (or stoichiometric surface) of the triple flame
as it crosses the flame front. This must be accommodated by a divergence of the
streamlines, which causes a drop in the horizontal component of the fluid velocity just
ahead of the flame front. For small , since the flame front is quasi-planar, the fluid
velocity just ahead of the flame should be approximately equal to the propagation
speed of the planar-premixed flame S0L. Thus, since the fluid velocity drops ahead of
the flame front, the fluid velocity upstream of the flame must be above S0L.
5.4.2 Effect of gravity on a triple flame
In this section we investigate the combined effect of thermal expansion and gravity on
a triple flame. Throughout this section we let the thermal expansion coefficient take
the typical value α = 0.85. Note that we only consider values in parameter space for
which the underlying planar diffusion flame is stable, as shown in figure 5.5. Since the
aim of the study is to calculate the propagation speed U , we will begin with a plot of
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Figure 5.12: Comparison of the relationship between propagation speed U and the
Rayleigh number Ra for several fixed values of . The other parameters take fixed
values given by β = 10, LeF = LeO = 1, S = 1, Pr = 1 and α = 0.85. A dashed line
indicates that the steady solutions have been found to be unstable in time-dependent
simulations; all other solutions have been found to be stable.
U versus  for several values of the Rayleigh number Ra. We will then plot graphs of
U versus Ra for selected values of  to further capture the complex relationships that
are displayed between the physical parameters and the propagation speed. We will
end with a comparison of how the streamlines and reaction rate contours change with
increasing  for several fixed values of Ra.
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Propagation speed of a triple flame
Figure 5.11 shows a plot of the propagation speed U of the triple flame versus ,
for selected values of the Rayleigh number Ra. The figure shows, firstly, that in
the limit  → 0 the Rayleigh number has very little effect on the propagation speed
of a triple flame. This could be easily deduced by considering equation (5.18) and
noting that, as  → 0, the buoyancy term does not enter the problem at O (1) unless
Ra = O (−2). Secondly, the figure shows that there is a critical Rayleigh number,
calculated as approximately Ra = 3400, above which the graph of U versus  ceases to
be monotonic. Finally, it shows the complex behaviour of the system for even higher
values of Ra. It is found that there can exist three different steady solutions for some
low values of  (i.e. the system exhibits hysteresis). It is also found that at  ≈ 0.1,
there is a local maximum in the graph of U versus . As  approaches its extinction
value ext, U is found to fall to negative values as in the case without gravity.
Some of the complex behaviour of the system can be captured by maintaining 
fixed and varying Ra. Graphs of U versus Ra for selected values of  are plotted in
figure 5.12. In figures 5.12(a)–5.12(b), in which  takes a low value, the hysteresis
displayed by the system can be clearly seen, whereby for certain values of Ra there
are three solutions for U . The middle branches of these hysteresis curves have been
found to consist of unstable solutions. For a slightly higher value of  there is no longer
found to be a multiplicity of solutions; the propagation speed has a local minimum
at a certain value of Ra before increasing as Ra reaches higher values, as shown in
figure 5.12(c). In figure 5.12(d), in which  = 0.1, U is seen to increase monotonically
with Ra. Figure 5.12(e) shows that if U ≈ 0 for a triple flame without gravity, the
propagation speed remains near zero as Ra increases. Finally, figure 5.12(f) shows
that when  is near its extinction value (with the propagation speed being negative),
U decreases monotonically with Ra.
For sufficiently small , as in figures 5.12(a)–5.12(c), it can be seen that U decreases
with increasing Ra for not too large Ra. This can be explained by considering the
physical behaviour of the system, which we proceed to investigate next.
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Figure 5.13: Streamlines and reaction rate contours in a frame of reference attached
to the flame-front for Ra = 1000 and  = 0.015,  = 0.05,  = 0.1 and  = 0.22,
respectively from top to bottom. The propagation speeds are given by U = 1.73,
U = 0.86, U = 0.38 and U = −1.98, respectively.
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Figure 5.14: Streamlines and reaction rate contours in a frame of reference attached
to the flame-front for Ra = 5000 and  = 0.015,  = 0.05,  = 0.1 and  = 0.22,
respectively from top to bottom. The propagation speeds are given by U = 1.71,
U = 0.53, U = 0.62 and U = −2.11, respectively.
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Figure 5.15: Streamlines and reaction rate contours in a frame of reference attached
to the flame-front for Ra = 15000 and  = 0.015,  = 0.05,  = 0.1 and  = 0.22,
respectively from top to bottom. The propagation speeds are given by U = 1.71,
U = 0.71, U = 0.99 and U = −2.71, respectively.
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Figure 5.16: An illustration of a triple flame for  → 0 under small gravitational
effects. In a frame of reference attached to the triple flame, the fluid flows across the
(quasi-planar) flame front at an angle γ to the horizontal at the planar premixed flame
speed S0L; the fluid velocity along the centreline is therefore smaller than the planar
premixed flame speed.
Comparative cases for fixed Ra
Figures 5.13–5.15 show the reaction rate contours and streamlines of the system with
increasing values of , for several fixed values of Ra.2 From these diagrams it can be
seen that buoyancy forces cause the formation of vortices upstream of the flame (or
downstream of a negatively propagating triple flame). For higher values of Ra, the
vortex formed is found to be larger in its size and the strength of its flow.
These vortices can be explained as being caused by the temperature gradient from
cold to hot along the positive x-direction in the channel. It has been found that in
a channel or pipe in the absence of a flame, differentially heated end walls cause the
fluid in the channel or pipe to flow from hot to cold along the top of the domain, and
from cold to hot along the bottom of the domain [125]. The flow is explained in [125]
as being due to buoyancy forces caused by the change in density with temperature. A
similar mechanism can explain the vortices caused by a triple flame in a channel and
thus the reduction in the propagation speed of the triple flame for small values of ,
when the Rayleigh number is increased above zero. The flow of fluid from hot to cold
at the top of the domain and cold to hot at the bottom causes a downward flow in front
of a positively propagating triple flame, bending the stoichiometric isosurface ahead
of the flame downwards. Effectively this reduces the component of the propagation
velocity in the horizontal direction.
2It is important to note that the solutions plotted for  = 0.015 in figures 5.13–5.15 lie on the
upper branch of the hysteresis curves described in §5.4.1, where applicable. All of the steady solutions
plotted in figures 5.13–5.15 have been found to be stable by running time-dependent simulations.
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More precisely, for small values of  (for which the flame front is quasi-planar),
the fluid velocity perpendicular to the flame front across the flame is approximately
given by the planar premixed flame speed S0L. Thus, when the stoichiometric isosurface
ahead of the flame is bent to an angle γ to the horizontal by the downward flow ahead of
the flame, the propagation speed can be expected to be approximately U = S0L cos γ,
as shown in figure 5.16. Therefore for small , an increase in the Rayleigh number
(which causes the vortices ahead of the flame to be stronger, and hence bends the
stoichiometric isosurface further downwards and increases γ) leads to a decrease in the
propagation speed U , in the absence of other effects.
This physical behaviour is best illustrated by considering the triple flame under the
influence of gravity but in the absence of thermal expansion, so that the acceleration
of the flow field as it crosses the triple flame does not mask the effects of buoyancy.
To do this, we must make use of the Boussinesq approximation, and expand the ideal
gas equation of density, given by equation (5.22), as
ρ = 1− αθ +O (α2) . (5.33)
This gives ρ = 1 to leading order in every term in equations (5.16)-(5.21), except the
buoyancy term in equation (5.18), which becomes 2PrRaθ.
Now we numerically solve equations (5.16)-(5.21) with boundary conditions (5.24)-
(5.28) in the Boussinesq approximation, for a small value of the Rayleigh number,
as  → 0. Plotted in figure 5.17 is the vertical component of the velocity along the
centreline of the triple flame located at y = 1
2
. It can be seen that there is a downwards
flow upstream of the point where the reaction rate reaches a maximum, and an upwards
flow downstream of it. This clearly illustrates the vortex formed by the triple flame
and the downwards flow ahead of the flame front.
5.5 Conclusion
In this study, the effect of thermal expansion and gravity on a triple flame propagating
in a horizontal channel where the fuel and oxidiser concentrations are prescribed at
the walls has been investigated. This seems to be the first investigation dedicated
to triple flame propagation in a direction perpendicular to gravity. The problem has
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Figure 5.17: The vertical component of the velocity vector and the reaction rate along
the centreline of the triple flame located at y = 1
2
, both scaled by their maximum val-
ues, in the Boussinesq approximation (α→ 0) for  = 0.05 and Ra = 50. The vertical
velocity component is clearly negative just ahead of the flame-front as expected.
been formulated in the low Mach number approximation and solved numerically. The
effect of the flame-front thickness  on the propagation speed U has been described for
several values of the thermal expansion coefficient α and the Rayleigh number Ra.
It has been found that the well-known monotonic relationship between U and 
that is present in the constant density case (which arises in the limit α→ 0) remains
valid for α 6= 0, when Ra = 0 (i.e. in the absence of gravity). In fact, the influence of
α on the triple flame for Ra = 0 is found to agree with the conclusions of the study
[32], where the physical mechanism for the increase in propagation speed has been
explained.
Under the influence of gravity we have shown that the monotonic relationship
between U and  is only present for values of Ra below a critical value which has been
determined. Further, it has been shown that, if Ra takes a value higher than this
critical value, there is a local maximum in the graph of U versus , as can be seen in
figure 5.11. The system has been shown to exhibit hysteresis for even higher values of
the Rayleigh number.
The complex relationship between U and Ra has been further investigated by fixing
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 and varying Ra. It has been found that the graph of U versus Ra (see figure 5.12)
depends strongly on the value of  chosen. Time-dependent simulations have shown
that all of the steady solutions presented are stable, except for solutions on the middle
branch of the hysteresis curves presented in figure 5.12. Finally, a physical argument
has been provided, which explains the decrease of U with increasing gravity for small
values of .
The results of this study provide valuable insight into the behaviour of a triple flame
under gravitational effects and illustrate the complexity and variety of the scenarios
that arise. A further aspect of the problem that has yet to be studied is the transient
behaviour of a triple flame that is unstable due to gravitational effects. This will be
addressed in Chapter 6, which involves the numerical solution of the time-dependent
equations for values of Ra higher than the critical Rayleigh number for the instability
of a planar diffusion flame.
Chapter 6
Initiation and instability of triple
flames subject to thermal
expansion and gravity
6.1 Introduction
Understanding the transient behaviour of a flame from initiation to steady propaga-
tion, and in some cases instability, is a vital part of fundamental combustion research.
In this chapter we study the problem of triple flame initiation in a mixing layer, tak-
ing the combined effect of thermal expansion and gravity into account. As well as
investigating the effect of these phenomena on the energy required for initiation of
triple flames from a two-dimensional ignition kernel, we study the transient behaviour
of a triple flame with a trailing diffusion flame that is either stable or unstable due to
gravitational effects.
The problem of ignition in homogeneous mixtures, which leads to the propagation
of premixed flames, has been the focus of a large amount of research. In the particular
case of spherically expanding premixed flames, a criterion for the energy required for
ignition is provided by the thermal energy of a non-propagating, spherically symmetric
solution of the governing equations known as a Zeldovich flame ball [126]. Flame balls
have been found to be typically unstable under adiabatic conditions, and small pertur-
bations can lead to either an outwardly propagating flame or an inwardly propagating
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flame and eventual extinction [126–129]. Further studies in the literature have inves-
tigated the transient behaviour of spherical premixed flames from an initial ignition
kernel, depending on aspects such as heat loss and Lewis numbers (see e.g. [130–133]).
There has been considerably less focus on flame ignition in situations where the
reactants are non-premixed. The work that has been done on both laminar and tur-
bulent non-premixed ignition is summarised in the detailed review paper [134]. Most
studies on non-premixed flame ignition have been concerned with autoignition, some-
times referred to as “self-ignition”. There are very few papers that have investigated
the energy required for “forced ignition” of non-premixed flames by an external heat
source or spark. The transient behaviour of flames in inhomogeneous mixtures from
forced ignition has been investigated using Direct Numerical Simulations (DNS) in the
laminar case in [124, 135], and more recently with the effects of turbulence included in
[136–139]. These numerical studies do not, however, contain a detailed investigation
of the energy required for ignition. To our knowledge there have been no dedicated
investigations of the energy required for forced ignition of laminar two-dimensional
triple flames in mixing layers, even without taking thermal expansion and gravity into
account.
Some recent papers have extended the concept of Zeldovich flame balls to the in-
homogeneous case, theoretically [41] and numerically [42] describing the existence and
properties of flame balls in reactive mixing layers. Similarly to Zeldovich flame balls,
these inhomogeneous flame balls may provide a corresponding criterion for the min-
imum energy for the successful flame ignition of axisymmetric flames in the mixing
layer. Here we extend the current understanding of flame ignition by providing a crite-
rion for the minimum ignition energy for two-dimensional triple flames in the mixing
layer, via a two-dimensional ignition kernel. This is achieved by first investigating
steady, two-dimensional, non-propagating solutions of the governing equations which
we refer to as “flame tube” solutions. Such solutions have been observed in previous
numerical simulations [30, 140–142] where the planar solutions are prone to cellular
instabilities due to Lewis number effects [141], but these studies were not concerned
with ignition. More relevant to the ignition problem are the papers [43] and [44].
These studies include investigations of “flame isolas” and “flame disks”, respectively,
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which are similar axisymmetric, stationary solutions of the governing equations. Al-
though [43] and [44] only partially address the ignition problem, in the paper [44],
non-propagating “flame disk” solutions are argued to indicate that a minimum energy
is required for ignition of axisymmetric flames in the mixing layer. To our understand-
ing, no such study has yet been performed for two-dimensional triple flames in the
mixing layer, as investigated in this chapter, with the effects of thermal expansion and
gravity included.
In this chapter we also investigate the transient evolution of the propagating triple
flames that arise when a perturbation is added to the unstable flame tube solutions.
Steadily propagating triple flames are well studied. Aspects of these structures that
have been investigated include preferential diffusion [117, 118], heat losses [119–121],
reversibility of the chemical reaction [122, 123], the presence of a parallel flow [110]
and thermal expansion [1, 32]; for further references see the review papers [30] and
[31]. Here we are specifically interested in the combined effect of thermal expansion
and gravity on both the ignition energy of triple flames from two-dimensional ignition
kernels and the transient behaviour of the triple flames.
When investigating triple flames propagating perpendicular to the direction of
gravity it is crucial to first understand whether or not the planar diffusion flame is
stable, since this forms the trailing branch of the triple flame. In Chapter 4 we provided
such a study; we have also investigated, in Chapter 5, the combined effect of thermal
expansion and gravity on steadily propagating triple flames (see also the papers by
Pearce and Daou [1, 2]). The current chapter completes the picture by investigating
the transient behaviour of triple flames from their initiation in contexts where the
underlying planar diffusion flame is either stable or unstable.
The chapter is structured as follows. In §6.2 we formulate the problem. In §6.3 we
provide the results obtained from the numerical solution of the governing equations.
§6.3 is split into three parts: the first part consists of important preliminary results; the
second part provides the results of numerical simulations for values of the parameters
where the underlying diffusion flame is stable; and the third part is concerned with
areas of parameter space where the underlying diffusion flame is unstable. Finally, we
end the chapter with conclusions in §6.4.
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6.2 Formulation
We investigate the problem of triple flame initiation in an infinitely long channel of
height L, where fuel is provided at the upper wall and oxidiser at the lower wall, as
shown in figure 6.1. The walls are taken to be rigid, porous, isothermal and of equal
temperature. The governing equations for fuel and oxidiser are coupled to the Navier–
Stokes equations for the fluid velocity vector uˆ in order to take thermal expansion and
gravity into account. For simplicity, the combustion is modelled as a single irreversible
one-step reaction of the form
F + sO→ (1 + s)Products + q,
where F denotes the fuel and O the oxidiser; s denotes the mass of oxidiser consumed
and q the heat released, both per unit mass of fuel. The overall reaction rate ωˆ is
taken to follow an Arrhenius law of the form
ωˆ = ρˆBYˆF YˆO exp
(
−E/RTˆ
)
.
Here ρˆ, YˆF , YˆO, R, Tˆ , B and E are the density, the fuel mass fraction, the oxidiser
mass fraction, the universal gas constant, the temperature, the pre-exponential factor
and the activation energy of the reaction, respectively.
6.2.1 Governing equations
We adopt the low Mach number formulation and assume that ρˆDT , ρˆDF and ρˆDO
are constant, where DT , DF and DO are the diffusion coefficients of heat, fuel and
oxidiser, respectively. We also assume that the specific heat capacity cP , the thermal
conductivity λ and the dynamic viscosity µ are constant. These assumptions lead to
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Fuel side
Oxidiser side
Triple Flame
Flame tube
Figure 6.1: An illustration of a pair of triple flames in a channel of height L. The walls
are assumed to be rigid and to have equal temperatures Tˆ = Tˆu. The mass fractions
are prescribed by YˆF = YˆFu, YˆO = 0 at the upper wall and YˆF = 0, YˆO = YˆOu at
the lower wall. Also illustrated on the diagram is the stationary, non-propagating
“flame tube” solution that is used as initial condition in the numerical calculations
throughout the chapter.
the governing equations
∂ρˆ
∂tˆ
+∇ · ρˆuˆ = 0, (6.1)
ρˆ
∂uˆ
∂tˆ
+ ρˆuˆ · ∇uˆ +∇pˆ = µ
(
∇2uˆ + 1
3
∇ (∇ · uˆ)
)
+ (ρˆ− ρˆu) gˆ, (6.2)
ρˆ
∂Tˆ
∂tˆ
+ ρˆuˆ · ∇Tˆ = ρˆDT∇2Tˆ + q
cP
ωˆ, (6.3)
ρˆ
∂YˆF
∂tˆ
+ ρˆuˆ · ∇YˆF = ρˆDF∇2YˆF − ωˆ, (6.4)
ρˆ
∂YˆO
∂tˆ
+ ρˆuˆ · ∇YˆO = ρˆDO∇2YˆO − sωˆ, (6.5)
ρˆTˆ = ρˆuTˆu. (6.6)
Here pˆ is the hydrodynamic pressure, Tˆu is the temperature of the unburnt mixture and
the channel walls, and ρˆu is the density of the unburnt mixture. The mass fractions
at the channel walls, which are assumed to be rigid, are also prescribed; the boundary
conditions at the walls are therefore given by
Tˆ = Tˆu, YˆF = 0, YˆO = YˆOu, uˆ = vˆ = 0, at yˆ = 0, (6.7)
Tˆ = Tˆu, YˆF = YˆFu, YˆO = 0, uˆ = vˆ = 0, at yˆ = L. (6.8)
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In this chapter we are concerned with the initiation of a pair of triple flames, which are
expected to propagate in opposite directions [124, 135]; we therefore impose symmetry
conditions at the centreline, which we take to be located at xˆ = 0, and solve the
problem for xˆ ≥ 0. In the unburnt gas at xˆ = ∞ we assume that the induced flow is
fully developed and the temperature and mass fractions are “frozen”. The boundary
conditions at xˆ = 0 and xˆ =∞ are therefore given by
Tˆ = Tˆu, YˆF = YˆFu
yˆ
L
, YˆO = YˆOu
(
1− yˆ
L
)
,
∂uˆ
∂xˆ
= 0 at xˆ =∞, (6.9)
∂Tˆ
∂xˆ
=
∂YˆF
∂xˆ
=
∂YˆO
∂xˆ
= uˆ =
∂vˆ
∂xˆ
= 0 at xˆ = 0. (6.10)
For large activation energies, the flame-front region is expected to be centred around
the stoichiometric surface Y = Yst where YˆO = sYˆF . In the unburnt gas at xˆ = ∞,
the position of the stoichiometric surface can be determined from the frozen solution
(6.9) as
Yst
L
=
1
1 + S
, (6.11)
where S ≡ sYˆFu/YˆOu is a normalised stoichiometric coefficient.
We now introduce the non-dimensional variables
x =
xˆ
L
, y =
yˆ
L
, u =
uˆ
S0L
, v =
vˆ
S0L
,
t =
tˆ
L /S0L
, θ =
Tˆ − Tˆu
Tˆad − Tˆu
, yF =
YˆF
YˆF,st
,
yO =
YˆO
YˆO,st
, p =
pˆ
ρˆ0 (S0L)
2 ,

(6.12)
where the subscript ’st’ denotes values at the stoichiometric surface. Here Tˆad ≡
Tˆu + qYˆF,st/cP is the adiabatic flame temperature, β ≡ E
(
Tˆad − Tˆu
)
/RTˆ 2ad is the
Zeldovich number or non-dimensional activation energy and α ≡ (ρˆu − ρˆad) /ρˆu is the
thermal expansion coefficient. In non-dimensionalising we have used as unit speed
S0L =
(
4LeFLeOβ
−3YO,st (1− α)DTB exp (−E/RTad)
)1/2
, (6.13)
which is the laminar burning speed of the stoichiometric planar flame to leading order
for β  1. The scalings (6.12) are inserted into (6.1)-(6.6) to give the non-dimensional
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governing equations
∂ρ
∂t
+∇ · ρu = 0, (6.14)
ρ
∂u
∂t
+ ρu · ∇u +∇p = Pr
(
∇2u + 1
3
∇ (∇ · u)
)
+
2PrRa
α
(ρ− 1) gˆ|gˆ| , (6.15)
ρ
∂θ
∂t
+ ρu · ∇θ = ∇2θ + 
−1ω
1− α, (6.16)
ρ
∂yF
∂t
+ ρu · ∇yF = 
LeF
∇2yF − 
−1ω
1− α, (6.17)
ρ
∂yO
∂t
+ ρu · ∇yO = 
LeO
∇2yO − 
−1ω
1− α, (6.18)
ρ =
(
1 +
α
1− αθ
)−1
. (6.19)
The non-dimensional parameters are defined as
Ra =
g (ρˆu − ρˆad)L3
νρˆuDT
,  =
lFl
L
=
DT/S
0
L
L
,
LeF =
DT
DF
, LeO =
DT
DO
, and Pr =
ν
DT
,
which are the Rayleigh number, the flame-front thickness lFl measured against the unit
length L, the fuel and oxidiser Lewis numbers and the Prandtl number, respectively.
Here ν is the kinematic viscosity ν = µ /ρ˜u . Note that  is related to the Damko¨hler
number used in Chapter 4 by
Da =
1
2(1− α) .
The non-dimensional reaction rate is
ω =
β3
4LeFLeO
ρyFyO exp
(
β(θ − 1)
1 + αh(θ − 1)
)
, (6.20)
where αh is a heat release parameter given by αh = (Tˆad− Tˆu)/Tˆad. Although they are
technically equal in the low Mach number approximation, here we have followed [1]
and kept the parameters α and αh distinct; we set αh = 0.85 throughout the chapter
and vary α in order to assess the effect of thermal expansion without changing the
Arrhenius reaction term (6.20). Thus when α = 0 the equations reduce to those of the
constant density approximation.
Finally, with the scalings (6.12) inserted into (6.7)-(6.10), the non-dimensional
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boundary conditions can be written
θ = 0, yF = (1 + S)y, yO =
S + 1
S
(1− y), u = v = 0 at y = 0, y = 1, (6.21)
θ = 0, yF = (1 + S)y, yO =
S + 1
S
(1− y), ∂u
∂x
=
∂v
∂x
= 0 at x =∞, (6.22)
∂θ
∂x
=
∂yF
∂x
=
∂yO
∂x
= u =
∂v
∂x
= 0 at x = 0. (6.23)
Suitable initial conditions must also be prescribed. The non-dimensional problem is
now fully formulated and is given by equations (6.14)-(6.20), subject to the boundary
conditions (6.21)-(6.23). The non-dimensional parameters in this problem are α, αh,
β, Pr, Ra, , S, LeF and LeO.
6.2.2 Mixture fraction formulation
In this section we simplify the problem in the special case of unity Lewis numbers
LeF = LeO = 1. (6.24)
We set the Lewis numbers equal to unity in order to concentrate on the effects of
thermal expansion and gravity on triple flames, without the added complication of
thermo-diffusive instabilities. Following the method of §4.2.2 in Chapter 4, we note
that for LeF = LeO = 1 the mixture fraction Z, defined as
Z =
yF + θ
1 + S
= 1− S
1 + S
(yO + θ) , (6.25)
satisfies
ρ
∂Z
∂t
+ ρu · ∇Z = ∇2Z, (6.26)
Z = 0 at y = 0, (6.27)
Z = 1 at y = 1. (6.28)
We can therefore solve the reaction-free equation (6.26) and use equation (6.25) to
find the fuel and oxidiser mass fractions if necessary. Thus the governing equations
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simplify to
∂ρ
∂t
+∇ · ρu = 0, (6.29)
ρ
∂u
∂t
+ ρu · ∇u +∇p = Pr
(
∇2u + 1
3
∇ (∇ · u)
)
+
2PrRa
α
(ρ− 1) gˆ|gˆ| , (6.30)
ρ
∂θ
∂t
+ ρu · ∇θ = ∇2θ + 
−1ω
1− α, (6.31)
ρ
∂Z
∂t
+ ρu · ∇Z = ∇2Z, (6.32)
ρ =
(
1 +
α
1− αθ
)−1
, (6.33)
which are subject to the boundary conditions
θ = 0, Z = y, u = v = 0 at y = 0, y = 1, (6.34)
θ = 0, Z = y,
∂u
∂x
=
∂v
∂x
= 0 at x =∞, (6.35)
∂θ
∂x
=
∂Z
∂x
= u =
∂v
∂x
= 0 at x = 0, (6.36)
and suitable initial conditions. The non-dimensional problem is now formulated in
terms of α, αh, β, Pr, Ra,  and S. In the next section we solve this problem
numerically, with particular emphasis on the effect of α,  and Ra.
At this point it is instructive to briefly discuss the limitations of the model used.
First, the model utilised here is two-dimensional. Although in Chapter 4 we showed
that three-dimensional effects do not affect the critical Rayleigh number for the onset
of gravitational instabilities of the planar diffusion flame, far beyond the threshold of
instability these effects may become important. However, currently a transient simu-
lation of the three-dimensional problem would involve prohibitively expensive compu-
tations. Understanding the two-dimensional problem is an important step towards a
full description of the effect of gravity on triple flames. Second, we neglect the effects
of heat-loss, differential diffusion and the stoichiometric coefficient S; these aspects
of the problem would be interesting to investigate in future studies but are ignored
here for the sake of simplicity and clarity. Finally, in simulations of the non-reactive
problem of a fluid layer heated from below, it is well known that the problem can
become dependent on the initial conditions at high values of the Rayleigh number
[143]. In all time-dependent simulations in this chapter we take the initial conditions
to be a steady flame tube solution (plus a small perturbation) and acknowledge that,
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far beyond the threshold of gravitational instability, different behaviour may arise if
the initial conditions are taken to be different.
6.3 Results and discussion
In this section we present the results obtained by numerically solving the problem
(6.29)-(6.36) in the finite element package Comsol Multiphysics. This has been ex-
tensively tested in combustion applications, including our previous publications on
diffusion flames [2] and triple flames [1]. The domain is covered by a grid of approx-
imately 200,000 triangular elements, with local refinement around the reaction zone.
Solutions have been tested to be independent of the mesh and the size of the domain.
The section is split into three parts. First, we provide some important preliminary
results. Second, we investigate the transient initiation of triple flames in situations
where the underlying diffusion flame is stable, including a study on the energy required
for ignition. Third, we investigate the ignition energy and transient behaviour of a
triple flame with a trailing diffusion flame that is unstable due to gravitational effects.
In order to provide a criterion for the energy required for initiation of triple flames,
we investigate steady, non-propagating solutions of equations (6.29)-(6.36), which we
refer to as flame tubes. The energy of these flame tube solutions can be the required
criterion for the ignition energy of a triple flame. We define the energy E of a flame
(per unit depth) by
E =
∫ ∞
x=−∞
∫ 1
y=0
θ dy dx = 2
∫ ∞
x=0
∫ 1
y=0
θ dy dx. (6.37)
It is found that if a flame tube with a small “energy-increasing” perturbation is used
as an initial condition for time-dependent simulations, a triple flame forms, which
propagates into the unburnt gas. A flame tube with a small “energy-decreasing”
perturbation leads to extinction. The perturbations are added to the temperature
field as a kernel of finite size, surrounding the flame tube, and of order of magnitude
10−3. Throughout the chapter we provide illustrative examples of the two outcomes
for various values of the parameters.
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Figure 6.2: The value of  at which a triple flame has zero propagation speed, denoted
m, versus a) the thermal expansion coefficient α, for Ra = 0 and b) the Rayleigh
number Ra, for α = 0.85. The other parameters are given the fixed values αh = 0.85,
β = 10, Pr = 1 and S = 1.
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6.3.1 Preliminary results
In this section we provide some preliminary results that will be useful in the following
sections. We begin by investigating the effects of α and Ra on m, the value of 
below which positively propagating triple flames cannot exist. This preliminary study
is important because flame tubes are not expected to exist for  > m. Figure 6.2
shows a) the effect of α on m for Ra = 0 and b) the effect of Ra on m for α = 0.85.
It should be noted that technically flame tube solutions also do not exist in the
asymptotic limit  → 0. This can be seen by considering the problem (6.29)-(6.36)
in the limit of infinite activation energy and taking  → 0. The problem reduces to
finding stationary, two dimensional tubes in a homogeneous mixture; such a problem is
known to have no solution. This is because the leading order term for the temperature
is governed by the cylindrically symmetrical Laplace equation in the unburnt gas,
whose only solution that satisfies the boundary conditions in the far field is θ = 0.
This, of course, is a contradiction since the temperature should be given by θ = 1 at
the reaction zone.
Next, we mention results obtained in Chapter 4, on the instability of a planar
diffusion flame in an infinitely long channel. The results are summarised in figure 5.5,
which plots the critical Rayleigh number Rac against  in the case α = 0.85. For
values of the Rayleigh number below Rac, a stable planar diffusion flame exists and
a stable triple flame is expected to propagate along the channel. If Ra > Rac, the
planar diffusion flame is unstable.
Finally, figure 6.3 shows the propagation speed of steadily propagating triple flames
versus , for selected values of the parameters, corresponding to the range of values
that will be used for time-dependent simulations in later sections. These results were
obtained by solving (6.29)-(6.36) in a coordinate system attached to the flame front,
which travels at speed U relative to the laboratory, i.e. (t, x, y) → (t, x+ Ut, y).
Figure 6.3 is important because it is expected that if initiation is successful, a steadily
propagating triple flame with propagation speed given in the figure will be the result.
Figure 6.3 provides similar results to those found in Chapter 5. The difference be-
tween the results in figure 6.3 and the results in figures 5.6 and 5.11 is in the boundary
conditions imposed; in the current chapter we consider a pair of triple flames prop-
agating away from each other towards open boundaries, with symmetric conditions
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Figure 6.3: Propagation speed U of a triple flame versus  for selected values of α and
Ra. The propagation speed rises to very large values for small  in the case α = 0.85,
Ra = 0. This can be attributed to the shear flow induced by the channel walls, since if
the calculations are repeated for “free-slip” walls with uy = 0, the propagation speed
is much smaller. In this figure β = 10, S = 1 and αh = 0.85.
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Figure 6.4: Maximum temperature θmax versus  for one-dimensional diffusion flame
solutions, which generate an S-shaped curve, and two-dimensional flame tube solutions.
The lower branch of the S-shaped curve is not shown. Indicated on the figure is m, the
value where a triple flame has zero propagation speed (see figure 6.2); above this value
no flame tube solutions are found. Computations are performed for α = 0, β = 10
and αh = 0.85.
imposed at x = 0. Chapter 5 was concerned with a triple flame propagating into an
undisturbed fluid, with zero gradients imposed downstream.
6.3.2 Initiation of triple flames
We proceed with an investigation of the energy required for initiation of a triple flame in
an infinitely long channel and the transient behaviour of a triple flame after initiation.
In this section we focus on values of the parameters for which the underlying diffusion
flame is stable, as summarised in figure 5.5. The effects of the flame-front thickness ,
the thermal expansion coefficient α and the Rayleigh number Ra will all be investigated
in separate sections.
Effect of 
In this section we investigate the effect of the flame-front thickness  on the initiation
of a triple flame. The ignition energy E is given by the energy of steady flame tube
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solutions of equations (6.29)-(6.36). It is instructive to begin by showing where the
flame tube solutions lie in parameter space and in particular in relation to the well-
known S-shaped curve of one-dimensional diffusion flame solutions.
The S-shaped curve, generated by plotting the maximum temperature of one-
dimensional, steady diffusion flame solutions of (6.29)-(6.36) (with u = v = 0) in
terms of , is given in figure 6.4. The curve consists of an upper (stable) “strongly
burning” branch, a middle (unstable) branch and a lower (stable) “weakly burning”
branch (not shown). As expected, the maximum value of  for which flame tubes can
exist is given by m, the value at which a triple flame has zero propagation speed.
The curve of flame tube temperature versus  terminates on the upper branch of the
S-shaped curve at  = m. The figure shows that, although flame tube solutions do
not exist in the limit  → 0 (as discussed in §6.3.1), solutions have been calculated
numerically for very small values of .
We plot the flame tube energy E and the maximum flame tube temperature θmax
versus  for selected values of α and Ra in figure 6.5. It can be seen that E mono-
tonically increases with increasing  in all cases. When thermal expansion is present
but gravity is not taken into account, the ignition energy for each value of  is lower
than in the constant density case α = 0, Ra = 0. It can be seen that the ignition
energy increases sharply as  approaches m, which is the value of  at which the triple
flame speed is zero (see figure 6.2) and above which no flame tube solutions are found.
The effects of thermal expansion and gravity will be described in more detail in the
following sections.
Now we investigate the transient behaviour of the unstable flame tube solutions for
α = 0, Ra = 0 when they are subject to small perturbations. Plotted in figures 6.6 and
6.7, in which  = 0.05 and  = 0.12 respectively, are the maximum temperature θmax
and flame energy E for flame tubes subject to either an energy-increasing or an energy-
decreasing perturbation. These figures show that, if an energy-increasing perturbation
is added, the flame tube solution will evolve in time into a steadily propagating triple
flame, with speed given in figure 6.3. If an energy-decreasing perturbation is added,
the flame extinguishes and the maximum temperature and flame energy both decay
to zero.
Illustrative examples of this behaviour for two selected values of  are shown in
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Figure 6.5: (a) Ignition energy E and (b) maximum flame tube temperature θmax
versus  for selected values of α and Ra. Also indicated on the figure for each case is
the value of , denoted m, at which the triple flame propagation speed is zero, which
is taken from figure 6.2. Flame tube solutions are not found for  > m. The other
parameters are given the fixed values αh = 0.85, β = 10, Pr = 1 and S = 1.
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figure 6.8. The upper rows in figures 6.8(a) and 6.8(b) show, for  = 0.05 and  = 0.12
respectively, reaction rate contours for a flame tube subject to an energy-increasing
perturbation, which leads to a triple flame. The lower rows in figures 6.8(a) and 6.8(b)
show a flame tube decaying to extinction due to an energy-decreasing perturbation.
Effect of α
In this section we investigate the effect of thermal expansion on the ignition of a
triple flame in the absence of gravity. Figure 6.9 shows the ignition energy E and the
maximum flame tube temperature θmax versus the thermal expansion coefficient α for
selected values of . It can be seen that, for a fixed value of , increasing α leads to
a monotonic decrease in the ignition energy E. A key result of these calculations is
that for all values of α, the flame tube solutions have u = v = 0. This is physically
plausible since u = v = p = 0 solves the stationary form of the governing equations
(6.29)-(6.33) if Ra = 0, as well as the boundary conditions (6.34)-(6.36). This is a
significant simplification of the governing equations and represents an efficient way to
numerically calculate flame tube solutions, if gravity is not accounted for.
Now we investigate the transient behaviour of the unstable flame tube solutions
when thermal expansion is accounted for, by setting α = 0.85. Figure 6.10, with
 = 0.12, plots a) maximum temperature θmax and b) flame energy E against time
after an energy-increasing and an energy-decreasing perturbation. As can be seen
from the figure, after an energy-increasing perturbation the maximum temperature
increases monotonically from that of the flame tube to that of the steadily propagating
triple flame, which has propagation speed given in figure 6.3. An energy-decreasing
pertubation again leads to extinction.
An illustrative example of this behaviour for  = 0.12 is shown in figure 6.11. The
upper row shows the reaction rate for a flame tube subject to an energy-increasing
perturbation, which leads to a triple flame. The lower row in figure 6.11 shows a flame
tube decaying to extinction due to an energy-decreasing perturbation.
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Figure 6.6: Transient behaviour of flames with a small energy-decreasing or energy-
increasing perturbation added to the unstable flame tube solution for  = 0.05, showing
a) maximum temperature θmax and b) flame energy E, for α = 0, Ra = 0. Also
included in a) is the maximum temperature of a triple flame, which the ignited flame
tends towards. The other parameters are given the fixed values αh = 0.85, β = 10,
Pr = 1 and S = 1.
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Figure 6.7: Transient behaviour of flames with a small energy-decreasing or energy-
increasing perturbation added to the unstable flame tube solution for  = 0.12, showing
a) maximum temperature θmax and b) flame energy E, for α = 0, Ra = 0. Also
included in a) is the maximum temperature of a triple flame, which the ignited flame
tends towards. The other parameters are given the fixed values αh = 0.85, β = 10,
Pr = 1 and S = 1.
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Figure 6.8: Transient behaviour of a flame tube solution (shown at t = 0) for a)
 = 0.05, b)  = 0.12, with either an energy-increasing (upper figures) or energy-
decreasing perturbation (lower figures), for α = 0, Ra = 0. Shown are 8 reaction rate
contours equally spaced up to the maximum value ωmax, which is labelled on each
figure. The other parameters are given the fixed values αh = 0.85, β = 10, Pr = 1
and S = 1.
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Figure 6.9: (a) Ignition energy E and (b) maximum flame tube temperature θmax versus
the thermal expansion coefficient α for selected values of . The other parameters are
given the fixed values Ra = 0, αh = 0.85, β = 10, Pr = 1 and S = 1.
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Figure 6.10: Transient behaviour of flames with a small energy-decreasing or energy-
increasing perturbation added to the unstable flame tube solution for  = 0.12, α =
0.85 and Ra = 0, showing a) maximum temperature θmax and b) flame energy E. Also
included in a) is the maximum temperature of a triple flame, which the ignited flame
tends towards. The other parameters are given the fixed values αh = 0.85, β = 10,
Pr = 1 and S = 1.
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Figure 6.11: Transient behaviour of a flame tube solution (shown at t = 0) for  = 0.12,
with either an energy-increasing (upper row) or energy-decreasing perturbation (lower
row), for α = 0.85, Ra = 0. Shown are 8 reaction rate contours equally spaced up to
the maximum value ωmax, which is labelled on each figure. The other parameters are
given the fixed values αh = 0.85, β = 10, Pr = 1 and S = 1.
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Figure 6.12: (a) Ignition energy E and (b) maximum flame tube temperature θmax
versus the Rayleigh number Ra for selected values of . The other parameters are
given the fixed values α = 0.85, αh = 0.85, β = 10, Pr = 1 and S = 1. Note that
the line markers are for illustration purposes and calculations were also performed for
values of Ra in between the values labelled with markers.
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Effect of Ra
In this section we investigate the combined effect of thermal expansion and gravity
on the initiation of a triple flame. Figure 6.12 shows the ignition energy E and the
maximum flame tube temperature θmax versus the Rayleigh number Ra for selected
values of . It can be seen that the relationship between E and Ra is dependent upon
the value of , however for all values of Ra an increase in  leads to an increase in the
ignition energy E. For large values of Ra, an increase in  leads to a larger increase in
E than for smaller values of Ra.
Unlike in the previous sections, when gravity is present the flame tube solutions
do induce a flow due to the temperature gradient from the flame tube at x = 0 to the
cold gas at x = ±∞, as was found in the context of triple flames in Chapter 5. An
important result that can be seen in figure 6.12 is that flame tube solutions still exist
for values of Ra where the planar diffusion flame is unstable - this will be discussed
further in the following section.
Now we investigate the transient behaviour of the unstable flame tube solutions
when thermal expansion and gravity are accounted for, by setting α = 0.85 and
Ra = 10000. Figure 6.13 plots a) maximum temperature θmax and b) flame energy
E against time after an energy-increasing and an energy-decreasing perturbation, for
 = 0.1325. As can be seen from the figure, after an energy-increasing perturbation the
maximum temperature increases monotonically from that of the flame tube to that of
the steadily propagating triple flame, which has propagation speed given in figure 6.3.
An energy-decreasing pertubation again leads to extinction. An illustrative example
of this behaviour for  = 0.1325 is shown in figure 6.14.
6.3.3 Gravitational instability of triple flames
In this section we investigate the initiation of triple flames in situations where the
underlying diffusion flame is unstable. As was demonstrated in figure 6.12 of the
previous section, unstable flame tube solutions still exist for values of the Rayleigh
number where the underlying planar diffusion flame is unstable. Therefore, we can
still provide a criterion for the ignition energy of a triple flame in this case. Plots of the
ignition energy E and maximum flame tube temperature θmax versus  for Ra = 30000
CHAPTER 6. INITIATION AND INSTABILITY OF TRIPLE FLAMES 172
0 5 10 15 20
0.85
0.9
Time t
M
ax
im
um
 te
m
pe
ra
tu
re
  θ
m
a
x
 
 
Energy−increasing perturbation
Energy−decreasing perturbation
Triple flame θ
max
(a)
0 8 16
0
1
2
Time t
Fl
am
e 
en
er
gy
 E
 
 
Energy−increasing perturbation
Energy−decreasing perturbation
(b)
Figure 6.13: Transient behaviour of flames with a small energy-decreasing or energy-
increasing perturbation added to the unstable flame tube solution for  = 0.1325,
showing a) maximum temperature θmax and b) flame energy E, for α = 0.85 and
Ra = 10000. Also included in a) is the maximum temperature of a triple flame, which
the ignited flame tends towards. The other parameters are given the fixed values
αh = 0.85, β = 10, Pr = 1 and S = 1.
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Figure 6.14: Transient behaviour of a flame tube solution (shown at t = 0) for  =
0.1325, with either an energy-increasing (top row) or energy-decreasing perturbation
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Figure 6.15: Ignition energy E and maximum flame tube temperature θmax versus the 
for Ra = 30000, which is larger than the critical Rayleigh number for the gravitational
instability of the planar diffusion flame. The other parameters are given the fixed
values α = 0.85, αh = 0.85, β = 10, Pr = 1 and S = 1.
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Figure 6.16: Transient behaviour of a flame tube solution (shown at t = 0) for  =
0.135, with an energy-increasing perturbation, for α = 0.85 and Ra = 30000. Shown
are 8 reaction rate contours equally spaced up to the maximum value ωmax, which is
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are provided in figure 6.15. For this value of the Rayleigh number, the underlying
diffusion flame is unstable for all values of , as can be seen in figure 5.5.
We can therefore use flame tubes (with energy shown in figure 6.15) as an initial
condition for time-dependent calculations to investigate the evolution of triple flames
with a trailing diffusion flame which is unstable due to gravitational effects. The tran-
sient behaviour of the triple flames that arise after an energy-increasing perturbation
to the flame tube solutions for Ra = 30000 is shown in figure 6.16, which plots reac-
tion rate contours at several points in time. It can be seen that initially, a triple flame
propagates, similarly to the flames that were shown in the previous section. After a
certain amount of time, however, the trailing diffusion flame becomes unstable due
to gravity, causing convection in the fluid, which leads to a cellular trailing diffusion
flame. The induced convection can be strong enough to cause local extinction, which
occurs first at the axis of symmetry located at x = 0, as can be seen from figure 6.16.
The induced convection can be seen in figure 6.17, which plots the vertical compo-
nent of the velocity v along the centreline of the channel located at y = 0.5, at several
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Figure 6.17: Vertical component of the velocity v along the centreline of the channel
located at y = 0.5, at several values of time t, for α = 0.85 and Ra = 30000. The
other parameters are given the fixed values αh = 0.85, β = 10, Pr = 1 and S = 1.
values of the time t. The figure shows the vortex induced by the temperature gradient
from the hot triple flame to the cold unburnt gas, as discussed in detail in §5.4.2 of
Chapter 5. This vortex propagates along the channel with the tip of the triple flame.
The triple flame initially leaves behind a trailing diffusion flame. As can be seen from
figure 6.17, at approximately t = 10 the diffusion flame starts to induce convection.
The magnitude of the induced convection increases, with the largest magnitude of v
occurring at the axis of symmetry x = 0, which causes the local extinction that was
seen in figure 6.16.
6.4 Conclusion
In this chapter we have investigated the combined effect of thermal expansion and
gravity on the ignition energy of triple flames by studying stationary, non-propagating
solutions of the governing equations, which have been referred to as “flame tubes”.
We have also described the transient initiation of two-dimensional triple flames in the
mixing layer, using the (unstable) flame tube solutions as initial conditions. Finally,
we have investigated the time-dependent behaviour, from initiation to instability, of
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triple flames in situations where the underlying diffusion flame is unstable due to
gravitational effects.
The chapter provides several new contributions. It is the first work to provide a
detailed parametric study of “flame tube” solutions in two-dimensional mixing layers,
providing an equivalent criterion for the ignition energy of triple flames to the one
provided by Zeldovich flame balls for premixed flames and corresponding flame balls
in axisymmetric mixing layers. It has been found that the flame tube solutions exist
only for  < m, where m is the value of the flame-front thickness  for which a
triple flame has zero propagation speed. Flame tubes are not expected to exist in the
asymptotic limit  → 0, but have been found to exist numerically for small values of
. The flame tubes are unstable and it has been found that an “energy-increasing”
perturbation leads to the propagation of a triple flame and an “energy-decreasing”
perturbation leads to extinction.
This study is also the first to describe the initiation of triple flames in a horizontal
channel with the combined effect of thermal expansion and gravity taken into account.
In cases where gravity is not present, it is found that the flow velocity u = v = 0, so
that the Navier–Stokes equations do not need to be solved. However, when gravity
is present, a flow is induced by the temperature gradient from the flame tube to the
cold gas. The relationship between Ra and the energy E of the flame tubes is found
to depend on . A key result from these calculations is that flame tube solutions are
still found to exist for values of the Rayleigh number above its critical value for the
gravitational instability of the planar diffusion flame. Therefore a criterion for the
ignition energy of a triple flame can still be given even though its trailing diffusion
flame is expected to be unstable.
The final contribution of the chapter is the investigation of the transient behaviour
of a triple flame from its initiation (using a flame tube as initial condition) to the
eventual instability of its trailing diffusion flame for large enough values of Ra. It
has been found that initially a triple flame forms and propagates into the unburnt
gas. After a certain amount of time, the trailing diffusion flame becomes unstable and
forms convection rolls, as predicted in Chapter 4. These can lead to local extinction
of the trailing diffusion flame, which occurs first at the axis of symmetry located at
x = 0.
Chapter 7
Conclusion
The main aim of this thesis has been to assess the combined effect of thermal expansion
and gravity on the propagation and stability of flames in inhomogeneous mixtures.
Flame propagation has been investigated in situations where the inhomogeneity is
prescribed in the unburned gas, either a) as a non-uniform flow field against which a
premixed flame propagates or b) as a stratification of the fuel and oxidiser, leading to
the propagation of a triple flame.
In Chapter 2, we have investigated the propagation of a premixed flame through
a narrow channel against a Poiseuille flow of large amplitude, taking the effect of the
flame on the flow into account through the action of thermal expansion. The problem
has been studied analytically to determine the effective propagation speed UT for a
Peclet number Pe = O(1), in the thick flame asymptotic lmit →∞ with both finite
and asymptotically infinite values of the activation energy β. The limit →∞, with
Pe = O(1) is equivalent to taking the amplitude A of the Poiseuille flow A → ∞,
with Pe = O(1). It has been found that, in the distinguished limit considered, a
two-dimensional premixed flame propagating through a rectangular channel against a
Poiseuille flow can be described by a problem which corresponds to the propagation
of a one-dimensional premixed flame with an effective diffusion coefficient, given by
Deff = DT
(
1 +
8
945
Pe2
)
,
in the constant density case and
Deff = DT
(
1 +
8
945
Pe2
ρ˜2
ρ˜2u
)
,
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in the variable density case. These effective values correspond to those found in studies
of enhanced dispersion due to a Poiseuille flow in non-reactive fluids, known as Taylor
dispersion. A premixed flame propagating through a channel in the limit  → ∞,
with Pe = O(1) can therefore be considered to be in the Taylor regime. The derived
one-dimensional problem has been solved numerically for a full range of values of the
Peclet number and activation energy. An analytical solution to the one-dimensional
problem has also been obtained in the limit β →∞ in both the constant density and
variable density cases. Further results have been obtained by solving the full system
of governing equations for a wide range of values of the parameters. The asymptotic
results have been found to show strong agreement with the numerical results.
The analytical result obtained in Chapter 2, given by (2.53), predicts that in the
thick flame limit considered, the effective propagation speed has a value that depends
only on the Peclet number. This result may be used to provide a possible explanation
of the so-called bending effect of the turbulent premixed flame speed when plotted in
terms of the turbulence intensity for fixed values of the Reynolds number (see e.g. [24,
57]). Our distinguished limit, namely  → ∞ with Pe fixed (note that the Reynolds
number and Peclet number are equal if Pr = 1), mimics the experimental conditions
of Bradley [57] and can be used to shed some light on the experimental findings. A
more thorough discussion of the relevance of the asymptotic results obtained in the
thick flame limit to the bending effect is provided in Chapter 3. In this chapter,
further asymptotic results have been provided, in order to provide a full asymptotic
picture of the relationship between the effective propagation speed and the parallel
flow amplitude A. A numerical study for a full range of values of Pe and A has also
been undertaken. The numerical results show that as the prescribed inflow amplitude
A increases to large values, the effective propagation speed UT approaches a constant
value, which depends on the Peclet number. This result is in line with both the
asymptotic results (2.53) and (3.22) and with the available experimental results on
turbulent combustion. The asymptotic and numerical results both show that for small
values of A, the relationship between UT and A is linear. Finally, we have investigated
the effect of thermal expansion on the problem; it has been found that for variable
density premixed flames the effective propagation speed still approaches a constant
value which depends on the Peclet number for large values of A, which again mimics
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the behaviour of the turbulent premixed flame experimental findings.
In Chapter 4, we have investigated the combined effect of gravity and thermal
expansion on the stability of a planar diffusion flame in an infinitely long channel with
rigid walls. The conditions under which the diffusion flame becomes unstable have been
determined by calculation of the critical Rayleigh number, which defines the threshold
of instability. First, we have investigated the stability of the Burke–Schumann flame,
using a linear stability analysis in the Boussinesq approximation. The growth rate of
the linear stability problem has been confirmed to be real using numerical methods,
so that it is possible to study the system analytically in the marginal state using a
similar method to that of the non-reactive problem. Results have been presented,
which show that as the flame approaches the lower boundary of the channel with
increasing stoichiometric coefficient, the critical Rayleigh number is close to the well-
known value it takes in the non-reactive case with two rigid boundaries. Second, we
have performed numerical calculations of the full system of governing equations for
several values of the thermal expansion coefficient, for large values of the Damko¨hler
number. The results show that when the Rayleigh number is higher than its critical
value, the fluid forms convection rolls as in the non-reactive case, which interact with
the flame to generate cellular structures. The numerical results show strong agreement
with those of the linear stability analysis. Finally, we have investigated the effect of
finite chemistry on the system. The results show that the system becomes less stable
as the Damko¨hler number Da is decreased.
Next, in Chapter 5, the combined effect of thermal expansion and gravity on a
triple flame propagating steadily in a horizontal channel has been investigated. The
results obtained in Chapter 4 have been used to identify areas of parameter space
where a triple flame is expected to propagate steadily. The effect of the flame-front
thickness  on the propagation speed U of a triple flame has been described for several
values of the thermal expansion coefficient α and the Rayleigh number Ra. It has been
found that the well-known monotonic relationship between U and  that is present in
the constant density case (which arises in the limit α → 0) remains valid for α 6= 0,
when Ra = 0 (i.e. in the absence of gravity). However, we have shown that under the
influence of gravity the monotonic relationship between U and  is only present for
values of Ra below a critical value, which has been determined. Further, it has been
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shown that, if Ra takes a value higher than this critical value, there is a local maximum
in the graph of U versus . The system has been shown to exhibit hysteresis for even
higher values of the Rayleigh number. The results in this chapter provide valuable
insight into the behaviour of a triple flame under gravitational effects and illustrate
the complexity and variety of the scenarios that arise.
Finally, in Chapter 6, we have studied the combined effects of thermal expan-
sion and gravity on the transient evolution of triple flames from their initiation via
a hot ignition kernel, as well as the energy required for ignition of triple flames. We
have identified two-dimensional, non-propagating solutions of the governing equations,
which have been referred to as “flame tubes” and which can provide a criterion for
the minimum energy for forced ignition of two-dimensional triple flames in the mix-
ing layer. We have provided a detailed parametric study of flame tubes, including
the combined effect of thermal expansion and gravity. We have shown that “energy-
increasing” perturbations to flame tubes (which are unstable) lead to the propagation
of a triple flame and “energy-decreasing” perturbations lead to extinction. It has been
found that flame tubes still exist for values of the Rayleigh number above the critical
value for gravitational instability of the planar diffusion flame, so that a criterion for
the ignition energy is still available for triple flames in this case. Finally, the transient
behaviour of a triple flame with a trailing diffusion flame that is unstable due to grav-
itational effects has been investigated. It has been found that, after initiation, a triple
flame forms initially before the trailing diffusion flame becomes unstable and forms a
cellular flame due to convection rolls in the surrounding fluid. The induced convection
can be strong enough to cause local extinction.
There are many opportunities for future work in the area of flame propagation in
inhomogeneous mixtures. In the area of premixed flames, studied in Chapters 2 and
3, the effect of more complicated flows on premixed flame propagation would help to
further understand the interaction between laminar premixed flames and flow. This
would provide a platform for a thorough understanding of the behaviour of turbulent
premixed flames, which is currently lacking, as can be seen by the lack of a convincing
explanation for the bending effect of turbulent flames, discussed in Chapter 3. Further
work in this area could also investigate the Taylor dispersion regime of premixed flames
discussed in Chapter 2 for more complex flows.
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In the area of diffusion flames, discussed in Chapter 4, work could be done to further
understand the behaviour of diffusion flames that are unstable due to gravitational
effects, including a detailed parametric study of their behaviour beyond the threshold
of gravitational instability. It would also be interesting to further investigate the
behaviour of the triple flames studied in Chapters 5 and 6 in situations where the
planar diffusion flame is unstable due to gravitational effects. A future study could
also repeat the work of Chapters 4-6 in the case of triple flames in a counterflow
configuration. Such a study could build on the theoretical and numerical investigations
in this thesis, which were the first to describe in detail the combined effect of thermal
expansion and gravity on the propagation and stability of triple flames propagating in
a direction perpendicular to the direction of gravity.
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Appendix A
Premixed flames in a cylindrical
channel: asymptotic analysis in the
limit →∞
In this section we derive the results provided in §2.4.2, namely the one-dimensional
boundary problem satisfied by a premixed flame propagating against a prescribed
Poiseuille inflow in a narrow cylindrical channel. As was done in §2.3 in the case of a
rectangular channel, we consider the steady form of equations (2.2)-(2.6) with LeF = 1,
so that only the temperature equation needs to be considered, since yF = 1 − θ. We
consider the cylindrical coordinate system (r, z), with fluid velocity (ur, uz). In the
limit →∞, we introduce a rescaled coordinate
ξ =
z

, (A.1)
so that the governing equations (2.2)-(2.5) can be written
∂
∂ξ
(ρ(uz + U)) + 
1
r
∂
∂r
(ρrur) = 0, (A.2)
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∂uz
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where the density ρ is given by (2.6) and the reaction term ω is given by (2.11). These
equations are subject to the cylindrical form of boundary conditions (2.7)-(2.10), which
can be written
∂θ
∂r
=
∂uz
∂r
= ur =
∂p
∂r
= 0 at r = 0, (A.6)
∂θ
∂r
= uz = ur = 0 at r = 1, (A.7)
θ = 0, uz = A
(
1− r2) = Pe (1− r2) , ur = 0 at ξ = −∞, (A.8)
∂θ
∂ξ
=
∂uz
∂ξ
=
∂ur
∂ξ
= p = 0 at ξ = +∞. (A.9)
As in §2.3, we now introduce expansions for →∞ in the form
U = −1
2
Pe+ U0 + 
−1U1 + ...
uz = u0 + u1 + ... ur = v0 + 
−1v1 + ...
θ = θ0 + 
−1θ1 + ... p = 3p0 + 2p1 + ...
 (A.10)
where U0 is the leading order approximation to the effective flame speed UT defined
in (2.13), which in this case is given by
UT ≡ U + 1
2
Pe. (A.11)
Substituting (A.10) into equations (A.2)-(A.5), to leading order we obtain
∂
∂ξ
(
ρ0
(
u0 − 1
2
Pe
))
+
1
r
∂
∂r
(ρ0rv0) = 0, (A.12)
∂p0
∂ξ
=
Pr
r
∂
∂r
(
r
∂u0
∂r
)
, (A.13)
∂p0
∂r
= 0, (A.14)
1
r
∂
∂r
(
r
∂θ0
∂r
)
= 0. (A.15)
Equations (A.14) and (A.15) can be integrated with respect to r to give p0 = p0(ξ)
and θ0 = θ0(ξ), after considering the boundary conditions (A.6)-(A.7) on θ0, so that
ρ0 = ρ0(ξ) from (2.6).
Now we look for a separable solution for u0(ξ, y) in the form
u0(ξ, r) = uˆ0(r)uˇ0(ξ). (A.16)
Substituting (A.16) into equation (A.13) gives
1
r
∂
∂r
(
r
∂uˆ0
∂r
)
=
1
uˇ0Pr
∂p0
∂ξ
, (A.17)
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where C is a constant. Equation (A.17) can be integrated twice with respect to r,
using the boundary conditions (A.6) and (A.7), to yield
uˆ0(r) = C(1− r2),
so that
u0(ξ, r) = uˇ0(ξ)(1− r2), (A.18)
where C has been absorbed into uˇ0(ξ). Integrating equation (A.12) with respect to r
from r = 0 to r = 1, we obtain
∂
∂ξ
(
ρ0(ξ)
(
1
4
uˇ(ξ)− 1
4
Pe
))
= 0, (A.19)
after using boundary conditions (A.6)-(A.7) on v0. Equation (A.19) implies that
1
4
ρ0(ξ) (uˇ0(ξ)− Pe) = 1
4
(uˇ0 (ξ → −∞)− Pe) = 0,
using the fact that ρ0 (ξ → −∞) = 1 from equation (2.6) and boundary condition
(A.8). Thus uˇ0(ξ) = Pe, so that, from (A.18)
u0 = Pe(1− r2). (A.20)
Equation (A.12) can then integrated with respect to r, using (A.20) and condition
(A.6), to yield
v0 = − 1
rρ0
∂ρ0
∂ξ
Pe
(
r2
4
− r
4
4
)
. (A.21)
Now, at O () in equation (A.5) we have
ρ0
(
u0 − 1
2
Pe
)
∂θ0
∂ξ
=
1
r
∂
∂r
(
r
∂θ1
∂r
)
,
which, after using (A.20) and condition (A.6), can be integrated twice with respect to
r to give
θ1 = ρ0
∂θ0
∂ξ
Pe
(
r2
8
− r
4
16
)
+ θˇ1(ξ). (A.22)
Next we look to O (1) in equation (A.2) to find
∂
∂ξ
(
ρ1
(
u0 − 1
2
Pe
))
+
∂
∂ξ
(ρ0 (u1 + U0)) +
1
r
∂
∂r
(ρ0v1) +
1
r
∂
∂r
(ρ1v0) = 0. (A.23)
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Equation (A.23) can be integrated first with respect to r from r = 0 to r = 1, utilising
the boundary conditions (A.6)-(A.7) on v0, and then with respect to ξ to give∫ 1
0
r
(
ρ1
(
u0 − 1
2
Pe
))
dr +
∫ 1
0
r (ρ0 (u1 + U0)) dr = K. (A.24)
To evaluate K, we use boundary conditions (A.8) to obtain
K =
∫ 1
0
r
(
ρ1(ξ → −∞)
(
u0(ξ → −∞)− 1
2
Pe
))
dr
+
∫ 1
0
r (ρ0(ξ → −∞) (u1(ξ → −∞) + U0)) dr = U0
2
. (A.25)
Finally, at O (1) of equation (A.5) we have
ρ0 (u1 + U0)
∂θ0
∂ξ
+ ρ1
(
u0 − 1
2
Pe
)
∂θ0
∂ξ
+ ρ0
(
u0 − 1
2
Pe
)
∂θ1
∂ξ
+ ρ0v0
∂θ1
∂r
=
∂2θ0
∂ξ2
+
1
r
∂
∂r
(
r
∂θ2
∂r
)
+
ω0
1− α, (A.26)
where ω0(ξ) = ω (θ0, ρ0). Integrating (A.26) with respect to r from r = 0 to r =
1, using the boundary conditions (A.6)-(A.7) on θ and substituting (A.20), (A.21),
(A.22), (A.24) and (A.25) leads to
U0
∂θ0
∂ξ
− ∂
∂ξ
((
1 +
1
192
Pe2ρ20
)
∂θ0
∂ξ
)
=
ω0
1− α, (A.27)
with
ρ0 =
(
1 +
α
1− αθ0
)−1
,
ω0 =
β2
2
ρ0 (1− θ0) exp
(
β (θ0 − 1)
1 + α (θ0 − 1)
)
,
 (A.28)
subject to the boundary conditions
θ0(−∞) = 0, θ0ξ(+∞) = 0. (A.29)
The problem (A.28)-(A.29) is the required one-dimensional boundary value problem,
with an effective diffusion coefficient, as given in §2.4.2.
Appendix B
Premixed flames in a narrow
channel: constant density solution
for A→ 0, Pe = O(1)
In this section we provide an asymptotic result used in §3.3. We consider the constant
density form of the infinite activation energy governing equations (3.4)-(3.13). For an
imposed Poiseuille flow of amplitude A = Pe, this is achieved by considering equation
(3.7) with u = Pe (1− η2), v = 0 and ρ = 1, which gives(
Pe
(
1− η2)+ U + f ′′ (η)) ∂θ
∂ξ
= 
(
1 + f ′ (η)2
) ∂2θ
∂ξ2
+ 
∂2θ
∂η2
− 2f ′ (η) ∂
2θ
∂η∂ξ
. (B.1)
Using (3.9)-(3.13), equation (B.1) is subject to boundary conditions and jump condi-
tions given by
∂θ
∂η
= f ′ (η) = 0 at η = 0, η = 1, (B.2)
θ = 0, at ξ = −∞, (B.3)
θ = 1, θξ = 
−1 (1 + f ′ (η)2)−1/2 , at ξ = 0. (B.4)
The asymptotic limit considered in this section is A → 0, with Pe = O(1). This
limit is equivalent to → 0, with Pe = O(1). The aim is to find an asymptotic formula
for the effective propagation speed UT , which is defined in (2.13). The method is similar
to the one used in [70].
We begin by introducing the stretched variable
ξˆ =
ξ

, (B.5)
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so that (B.1)-(B.4) become, using the definition (2.13) for UT ,(
Pe
(
1
3
− η2
)
+ UT + f
′′ (η)
)
∂θ
∂ξˆ
=
(
1 + f ′ (η)2
) ∂2θ
∂ξˆ2
+ 2
∂2θ
∂η2
− 2f ′ (η) ∂
2θ
∂η∂ξˆ
,
(B.6)
∂θ
∂η
= f ′ (η) = 0 at η = 0, η = 1, (B.7)
θ = 0, at ξˆ = −∞, (B.8)
θ = 1, θξˆ =
(
1 + f ′ (η)2
)−1/2
, at ξˆ = 0. (B.9)
Letting → 0 and expanding variables in succesive powers of  as
UT = U0 + U1 + ..., θ = θ0 + θ1 + ..., f = f0 + 
1/2f1 + ... (B.10)
we find that to leading order in equation (B.6), the solution is the planar flame solution
U0 = 1, θ0 = exp ξˆ, f
′
0 = 0. (B.11)
Then, at O () in (B.6), we have, using (B.11),(
Pe
(
1
3
− η2
)
+ U1
)
exp ξˆ +
∂θ1
∂ξˆ
=
∂2θ1
∂ξˆ2
+ f ′21 exp ξˆ. (B.12)
Now, in this case (B.8)-(B.9) lead to
θ1 = 0 at ξˆ = −∞,
θ1 = 0, θ1ξˆ = −
f ′21
2
at ξˆ = 0,
so equation (B.12) can be integrated from ξˆ = −∞ to ξˆ = 0 to give
Pe
(
1
3
− η2
)
+ U1 =
f ′21
2
. (B.13)
Hence, applying condition (B.7) at η = 1 we obtain
U1 =
2
3
Pe, (B.14)
and so
f ′1 = −
√
2Pe (1− η2). (B.15)
Now, equation (B.15) leads to f ′′1 (η = 1) → ∞, so we must consider the boundary
layer near η = 1 in order to find the next order solution to the effective propagation
speed UT . In the boundary layer the necessary scalings are found to be
η = 1− 21/3ηˆ, f ′ = 2/3ψ, (B.16)
APPENDIX B. CONSTANT DENSITY SOLUTION FOR A→ 0 202
and we expand the effective propagation speed, using (B.11) and (B.14), as
UT = 1 +
2
3
Pe+ 4/3U2. (B.17)
Then, to O
(
4/3
)
in equation (B.6) we find, after integrating from ξˆ = −∞ to ξˆ = 0
and applying the boundary/jump conditions (B.8)-(B.9),
ψ′ + ψ2 = 8Aηˆ + 2U2, (B.18)
which is subject to the boundary conditions
ψ0 (0) = 0, ψ (η →∞) ∼ −2A1/2
√
2η. (B.19)
Equation (B.18) is a Ricatti equation; the problem (B.18)-(B.19) has been solved in
[70] to give
U2 = −2KA2/3 , (B.20)
where K ≈ 1.02 (note that here the flow amplitude is denoted A, whereas u0 is used
in [70]). Then, using (B.17) and (B.20) with the fact that A = Pe, we have
UT = 1 +
2
3
A− 2KA4/3Pe−2/3, (B.21)
in the limit  → 0 with Pe = O(1), which is equivalent to the limit A → 0 with
Pe = O(1). This is the result discussed in §3.3.
